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Abstract

An infinite game is approximated by restricting the players to finite subsets of their
pure strategy spaces. A strategic approximation of an infinite game is a countable
subset of pure strategies with the property that limits of all equilibria of all sequences
of approximating games whose finite strategy sets eventually include each member of
the countable set must be equilibria of the infinite game. We provide conditions under
which infinite games admit strategic approximations.
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1. Introduction

The analytic convenience of infinite strategy spaces has often proven to be of value in the
analysis of games. But when the presence of infinitely many strategies is crucial — such as
when discontinuities play a central role and cannot be eliminated or smoothed — doubts may
arise over the robustness or even the relevance of the results. One way to attenuate such
doubts is to provide a sequence of finite approximating games whose equilibria converge to
equilibria of the infinite game, where each approximating game restricts the players to finite
subsets of their strategy spaces. This approach becomes even more convincing when there
is some robustness with respect to the choice of approximating games.

As observed by Simon (1987), a game with infinite strategy spaces might include strategies
that are of particular strategic significance to the players.! When this is the case, one cannot
hope to well-approximate the infinite game without eventually including such strategies in

the approximating games. Thus, on the one hand, good approximations cannot be arbitrary —

*This work is based upon Reny (1996, Section 7). I wish to thank Roger Myerson for helpful conver-
sations. Financial support from the Nation Science Foundation (SBR-970932, SES-0617884) is gratefully
acknowledged. Corresponding author: preny@uchicago.edu.

! Consider, for example, the strategy to produce zero for a firm with fixed costs that must be paid only
when production is positive.



they must include strategically important strategies. On the other hand, once such strategies
are identified for eventual inclusion, the approximating games — i.e., the sequence of finite
strategy sets — ought otherwise be arbitrary so as to establish the irrelevance of the remaining
details of the approximating sequences.

A strategic approximation is a countable subset of pure strategies with the property that
limits of all equilibria of all sequences of approximating games whose finite strategy sets
eventually include each member of the countable set must be equilibria of the infinite game.

Our objective is to provide conditions under which strategic approximations exist.”

2. Preliminaries

We maintain the following assumptions throughout the paper. There are N players. Player
1 has pure strategy set X;, a nonempty compact metric space. We let X = x,;X; and endow
all product sets with the product topology. Player i’'s von Neumann-Morgenstern utility
function, u; : X — R, is bounded and measurable. This defines a game G = (X;, u;)Y,.

Let M; denote the space of probability measures on the Borel subsets of X; and let M =
x;M;. Extend each u; to M by u;(my, ... fX w;i(z)dmy...dmy. The mized extension
of Gis G = (M, u;)Y,. The space M is a compact metric space when endowed with the
Prohorov metric (see Billingsley (1968)). By equilibrium we shall always mean a mixed
strategy Nash equilibrium of the game under consideration.

G' = (X[, v;)X, is an approzimation of G = (X;,u;)Y, if each X/ is a finite subset of X
and v; is the restriction of u; to x;X]. From now on, we will write u; instead of v;, so that
G' = (X!, u;)¥,. Thus, an approximating game simply restricts the players to finite subsets

of their pure strategy sets. The following concept will figure prominently here.

Definition 2.1. (Reny (2009)). The game G has the finite deviation property if when-
ever m € M is not an equilibrium of GG, there is a neighborhood U of m and a finite subset D
of M such that for every m' € U there is a playeri and m € D such that u;(m;, m’ ;) > u;(m’).
The set D is called a finite deviation set for U. If in addition the members of D can always

be chosen to have finite supports we say that G has the finite-support finite deviation

property.

Reny (2009) observes that if G has the finite deviation property then G possesses a
mixed strategy equilibrium and demonstrates that G has the finite deviation property if its
mixed extension is better-reply secure. Because of the connection to better-reply security,

we remind the reader of the definition.

2 A rather distinct approach to approximating infinite games can be pursued by exploiting the techniques
introduced in Simon and Zame (1990).



A pair (m,u) € M xR isin T, the closure of the graph of the vector payoff function of G,
if u = lim,,(u;(m™),...,unx(m™)) for some sequence m™ of mixed strategies in M converging
to m. Following Reny (1999), say that player i can secure the payoff o at m € M in the
mixed extension of G, if player ¢ has a strategy 1m; € M; such that u;(m;, m’ ;) > « for all

m’_, in some neighborhood of m_;. We then say that m; secures the payoff o at m for i.

Definition 2.2. (Reny (1999)). The mixed extension of G is better-reply secure if when-
ever (m,u) is in I' and m is not an equilibrium, some player i can secure a payoff strictly
greater than u; at m in the mixed extension of G. If in addition the securing (mixed) strategies
can always be chosen to have finite supports, then the mixed extension of GG is finite-support

better-reply secure.
For later reference, we state the following result.

Theorem 2.3. (Reny (2009)). If the mixed extension of G is better-reply secure then G
has the finite deviation property. Moreover, if the mixed extension of G is finite-support

better-reply secure then G has the finite-support finite deviation property.?

3. Strategic Approximations
Our central definition is the following.*

Definition 3.1. A strategic approximation of a game G = (X;,u;)Y, is a countable
set of pure strategies X*° = x| X contained in X, such that whenever for each player i,
X! C X2 C ... is an increasing sequence of finite subsets of X; whose union contains X{°, any
limit of equilibria of the sequence of finite games (X}, u;)N.,, (X2, u;)Y,, ... is an equilibrium
of G.

Several examples illustrate the main ideas.?

3.1. Existence of a Strategic Approximation

There is one player whose payoff is 1 if he chooses © = 0 and is zero if he chooses any other

x € [0,1]. The unique equilibrium is z = 0. However, any sequence of finite approximations

3Reny (2009) does not prove the latter result but it follows immediately from Reny’s proof of the former.

*We include finite sets among those which are considered countable (see also Royden (1968)). Thus, X >
below may be finite.

®Note that because the set of mixed strategies, M, is sequentially compact, the existence of a strategic
approximation of G implies that G possesses an equilibrium in mixed strategies. Fach finite game in the
approximating sequence possesses a mixed strategy equilibrium by Nash’s (1950) theorem, and the sequential
compactness of M ensures that some such sequence converges.



whose strategy sets become dense in [0, 1] and which do not eventually contain the strategy
x = 0 admits sequences of equilibria that converge to any element of [0, 1]. Consequently,
“good” approximations must include the strategy # = 0. Moreover, if X!, X2 ... is any
sequence of finite subsets of [0, 1] such that 0 € X" for n large enough, then the limit of any
sequence of equilibria of the finite games converges to x = 0. This game therefore possesses

a strategic approximation, namely X>° = {0}.°

3.2. Nonexistence of a Strategic Approximation I.

The following two-person example is taken from Simon (1987), and we encourage the reader
to consult that paper for the details of arguments omitted here. Player 1 chooses = € [0, 1]
and player 2 chooses y € [0,1]. A player’s payoff is 1 if his choice is positive and equal
to one-half of his opponent’s choice or if his choice is 1 and his opponent’s choice is zero.
Otherwise, a player’s payoff is zero.

It is not difficult to see that this game possesses no pure strategy equilibrium. It is not
much more difficult to see that there are no mixed equilibria in which either player assigns
positive probability to any pure strategy. Thus, the only possible equilibria are those in
which each player employs an atomless mixed strategy. Finally, any pair of atomless mixed
strategies is easily seen to be an equilibrium because given the opponent’s strategy a player
receives an expected payoff of zero regardless of the pure strategy he employs.

If one attempts to approximate this infinite game, then regardless of the finite subsets
of pure strategies one employs, the approximation will possess a pure strategy equilibrium.
For example, suppose that both players’ finite pure strategy sets contain positive elements
of [0, 1] and player 1’s smallest positive strategy is 2’ and 2’s is ¢’ where 2’ < y/. Then, either
(«',y') is an equilibrium or player 1’s finite strategy set contains the strategy v’/2 in which
case (y'/2,v') is an equilibrium. But if every finite approximation contains a pure strategy
equilibrium then any limit of such equilibria will be pure and so will not be an equilibrium

of the infinite game. This game therefore fails to possess a strategic approximation.

3.3. Nonexistence of a Strategic Approximation II.

Consider the following two-person zero-sum game. Player 1 chooses = € [0,1] and player 2
chooses y € [0, 1]*. Player 1’s payoff is one if his choice does not match any of the coordinates

of 2’s choice and is zero otherwise.” Clearly, player 1 can guarantee a payoff of 1 if and only

6In this very special example, equilibria of the approximating games that include x = 0 are themselves
equilibria of the original game. One cannot hope to obtain this property in general.

T Assigning [0, 1] its usual metric and employing the product topology on [0, 1]>°, the strategy spaces are
compact and the payoff function is Borel measurable.



if he employs an atomless mixed strategy. Consequently, a strategy pair is an equilibrium if
and only if player 1’s strategy is mixed and atomless.
Consider the following natural attempt at approximating this game. For n = 1,2, .., G,

denotes the n-th approximating game in which player 1’s finite pure strategy set is,

1 2 n?
Xn - {ﬁaﬁa“'aﬁ}?

and player 2’s finite pure strategy set is,
Y, = (X,)" x{(1,1,1,..)}.

Thus in the n-th approximating game player 1 has n? strategies and player 2 can choose
any of the finitely many vectors in [0, 1]° whose first n coordinates are each a member of 1’s
strategy set X, and whose remaining coordinates are equal to 1. It is readily verified that
all equilibria of G,, are in mixed strategies of the following form. Player 1 mixes uniformly
among the members of X,, and player 2 mixes among the members of Y,, so that (i) each
member of X, is equally likely to appear as one of the first n coordinates of the pure strategy
realization, and (ii) the first n coordinates of any member of Y,, assigned positive probability
are distinct.® Taking the limit as n — oo yields, upon extraction of a weak*-convergent
subsequence if necessary, limit strategies in which player 1 employs Lebesgue measure on
[0,1] and player 2 employs some mixed strategy — i.e., a probability measure on the Borel
subsets of [0,1]°.% Because Lebesgue measure is atomless, this limit is an equilibrium of the
original infinite game.

Even though any limit of equilibria of the particular sequence of approximating games G/,
is an equilibrium of the original infinite game, the original game fails to possess a strategic
approximation because approximations of it are not robust to the inclusion of additional
strategies. For example, providing player 2 with additional strategies in G,, by instead
defining Y,, = (Xn)"2 x {(1,1,1,...)} would permit player 2 to achieve his highest pos-
sible payoff of zero in every equilibrium of G,, by choosing, for example, the pure strategy
#(1, 2,...,n%,1,1,1,...), against which player 1 cannot avoid matching one of the coordinates.
This strategy for player 2 paired with any strategy for player 1 constitutes an equilibrium
of G,. Moreover, if in each G, player 1’s strategy is, for example, pure then no limit of
such strategies is an equilibrium of the original game. Every attempt to approximate this

infinite game will have a similar defect. Hence, this game fails to possess a strategic ap-

8For example, for each k = 0,1,...,n— 1 player 2 can assign probability 1/n to the vector %(l{nJr 1, kn+
2,..,kn+mn,0,0,0...).

9Because 2’s strategy space is compact in the product topology a weak*-convergent subsequence is guar-
anteed to exist.



proximation because adding additional strategies to any approximation of it can produce

approximating-game equilibria that are far from any of its equilibria.

4. Strategic Approximations of Mixed Extensions

As a preliminary step, we apply the definition of a strategic approximation to the mixed
extension, G = (M;,u;)Y,, of G. Evidently, a strategic approximation of G is a countable
subset M = x¥ M of M such that whenever, for each player i, M} C M? C is an
increasing sequence of finite subsets of M; whose union is M;®, any limit of (mixed strategy)
equilibria of the sequence of approximating games (M}, u;)Y,, (M2 w;)Y,, ..., is a (mixed
strategy) equilibrium of G' (and hence its distribution on X is a mixed strategy equilibrium
of G).

A first indication of the relevance of the finite deviation property to the existence of

strategic approximations is the following.

Theorem 4.1. If G has the finite deviation property, then the mixed extension of G has a

strategic approximation.

Proof. If G has the finite deviation property, then every non equilibrium point of G is
contained in an open set of non equilibrium points. Hence, the set of non equilibrium points
of GG, U say, is open. We note that, being an open subset of a compact metric space, every
open cover of U has a countable subcover.!’

By the finite deviation property, for every m € U there is a neighborhood U™ of m and a
finite subset D™ of M such that D™ is a finite deviation set for U™. This yields a collection

of pairs (U™, D™), one pair for each m € U.

Because the U™ form an open cover of U, there is a countable subcollection, {(U*, D), (U?, D?), ...

of {(U™, D™)}ner such that U = U U*. For each player i and every k = 1,2, ..., let Df
be the projection of D* onto M; and define M = U2, DF. Tt suffices to show that the
countable set M>™ = x ¥, M is a strategic approximation of G.

For each player 4, let M}! C M? C ... be an increasing sequence of finite subsets of M,
whose union contains M>, and for each n let u" be a mixed strategy equilibrium of the
finite game G™ = (M, u;)Y ;. Thus, for example, if m; € M, then u'(m;) is the probability
that player i assigns to m; in the equilibrium p” of G™.!' Suppose that for each player 4,
ul — pr € A(M;), where A(M;) denotes the set of probability measures on the Borel subsets

100 see this, note that U is the union over n = 1,2, ... of the countably many compact sets C,, = {m € U :
B, (m) C U}, where B, (m) is the open ball of radius 1/n around m. For any open cover of U there is for
each n a finite subcover of C,, and their union is a countable subcover of U.

1The m,;’s are thus treated as pure strategies in the finite games that approximate the mixed extension
of G even though they are mixed strategies in the original game G.

6
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of M;. (Because M; is compact metric, A(M;) is also compact metric; see e.g., Billingsley
(1968)). We must show that x* is an equilibrium of G.

For each player i and every n, let m} = > My pit(m;)m;, and suppose, without loss
by sequential compactness, that m — m; € M,;. By definition, m” is the distribution of
p" on X. That is, for every n and every Borel subset B of X, m"(B) = [,, m(B)du"(m) —
note that the integral is in fact a sum because ™ has finite support. By Lemma 7.1 in the
appendix, the limit m* of m” is the distribution on X of the limit pu* of u".

We claim that m* is an equilibrium of G. If not, then m* € U and there exists (U*, D¥)
such that m* € U*¥ and D¥ C M is a finite deviation set for U*. Because m" — m*, we have
m™ € U* for n large enough, so that for all such n some player i,, can profitably deviate from
m™ by employing a strategy m;’ in Dfn. Consequently, for all n large enough,

—1
>y, (m")

- uin (/J/n>’ 12

where the first and third lines follow because mixtures over mixtures over X are payoff
equivalent to their distributions over X.

For n sufficiently large, Df is contained in M so that 7] is a feasible strategy for
player i, in G,,. But then u;, (], u",;) > u;, (1) for all n large enough contradicts the fact
that " is an equilibrium of G™. We conclude that m* is an equilibrium of G. But then p* is

an equilibrium of G because for every player i and every m; € M;,

ui(mg, m*;)

U; (mi» N*_i)

IA
s
3*

I
g

=
=

where, once again, the first and third lines hold because mixtures over mixtures are pay-
off equivalent to their distributions over X, and the second line follows because m™* is an

equilibrium of G. W

Unfortunately GG need not possesses a strategic approximation even though its mixed

extension does, as the following example demonstrates.™

For p € AM), ui(p) = [, wi(m)dp.

13The infinite game in example II does not furnish such an example because its mixed extension does
not possess a strategic approximation. To see this, note that for any approximation of its mixed extension
one can add a pure strategy to player 1’s strategy set that, according to each of the finitely many mixed
strategies available to player 2, occurs with probability zero in each coordinate of 2’s realized pure strategy.



4.1. Nonexistence of a Strategic Approximation III.

There are three players. Players 1 and 2 participate in a first-price all-pay auction with a
uniform tie-break rule in which it is common knowledge that the object at auction is worth
one dollar to each of them. Each player can submit a bid from [0,1] — player 1 chooses = and
player 2 chooses y — and they are each risk neutral.

Player 3 chooses z € [0, 1] and always receives a payoff of zero regardless of the choices
of z, y and z. If any coordinate of z is equal to 1’s choice of x, then the outcome of the
auction is null and void — i.e., neither player 1 nor player 2 pays his bid and neither player
wins the object — and in addition player 1 loses a dollar. Otherwise, player 3’s choice has no
effect.

Ignoring for the moment the presence of player 3, a standard argument establishes that
there is a unique equilibrium in the all-pay auction, namely that both players 1 and 2
independently randomize according to Lebesgue measure on [0, 1]. Given these strategies,
player 3’s presence has no effect on expected payoffs because regardless of 3’s choice of z,
the probability that one of its coordinates matches 1’s choice of x is zero.

In fact, every equilibrium of the 3-player game is such that players 1 and 2 choose
according to Lebesgue measure, while player 3’s choice of mixed strategy can be arbitrary.
This characterization follows from the fact that for any strategy of player 2, player 1 can
achieve a payoff arbitrarily close to a best reply in the auction by employing an atomless
strategy. Consequently, player 1 can, with probability one, ensure that his choice not match
any coordinate of 3’s choice while simultaneously achieving a payoff in the auction that is
arbitrarily close to maximal given 2’s strategy. Therefore, in any equilibrium of the 3-player
game the results of the auction will stand with probability one and player 1’s strategy must
be a best reply in the auction. Since the results of the auction stand with probability one,
player 2’s strategy must also be a best reply in the auction and the argument is complete.

For the same reason as in the previous example, this game fails to possess a strategic
approximation. Regardless of the attempted strategic approximation, adding to player 3’s
pure strategy set a pure strategy whose coordinates contain every pure strategy available to
player 1 creates an equilibrium in which player 3 chooses that strategy and players 1 and 2
each choose any pure strategy. Limits of such strategies, being pure for both players 1 and
2, are not equilibria of the original game.

Finally, it can be shown that this game’s mixed extension is better-reply secure and so by
Theorem 2.3 this game has the finite deviation property. Consequently, the mixed extension

of this game (by Theorem 4.1), but not the game itself, possesses a strategic approximation.'*

This creates a pure strategy equilibrium of the approximating game in which player 1 employs the added
pure strategy. The limit of such equilibria, being pure for player 1, is not an equilibrium of the infinite game.
!4The example neither relies on three players nor on infinite-dimensional strategy spaces. All of the

8



Our next result shows that the discrepancy is due to the failure of the game to possess the

finite-support finite deviation property.

5. Strategic Approximations of G

Our first result on the existence of strategic approximations of G follows the same line of

reasoning as in the proof of Theorem 4.1.

Theorem 5.1. If G has the finite-support finite deviation property, then G has a strategic

approximation.

Proof. Maintain the same notation (i.e., U, U™, D™ etc.) and construct M as in the
proof of Theorem 4.1. By the finite-support finite deviation property, we may assume that
each member of M has finite support. For each player ¢, let X be the countable set that
is the union of the supports of all the members of M and let X = x¥, X>°. We wish to
show that X is a strategic approximation of G.

For each player i, let X! C X2 C ... be an increasing sequence of finite subsets of X;
whose union contains X °, and for each n let m™ be a mixed strategy equilibrium of the
finite game G™ = (X[, u;)¥; and suppose that m™ — m* € M. We must show that m* is an
equilibrium of G.

If not, then m* € U and there exists (U*, D*) such that m* € U* and D¥ C M is a finite
deviation set for U*. Because m™ — m*, we have m" € U* for n large enough, so that for all
such n some player 7, can profitably deviate from m™ by employing a strategy /; in Dfn.
Moreover, because the union of the supports of the members of Dfn is finite this union is
contained in X' for n large enough, implying that the profitable deviation 7 is feasible
for player 4, in G™ = (X, u;)Y,. This contradicts the fact that m™ is an equilibrium of G"

and we conclude that m* is an equilibrium of G. R
An immediate consequence of Theorems 2.3 and 5.1 is the following.

Corollary 5.2. If the mixed extension of GG is finite-support better-reply secure, then GG has

a strategic approximation.

Both Dasgupta and Maskin (1986) and Simon (1987) use approximation techniques to
establish the existence of an equilibrium. As shown in Reny (1999), their hypotheses imply

features of this example can be obtained with 2 players and pure strategy sets [0,1] and [0,1]2. The idea is to
give player 2 a second coordinate dummy choice and to map his second coordinate [0,1] onto Uy [0, 1]* using
the Peano curve construction. This again results in measurable payoffs and the dummy choice can be used
against player 1 as in the three-player game.



that the game’s mixed extension is better-reply secure. Reny’s discussion in fact demon-
strates that their hypotheses imply finite-support better-reply security. Consequently, the
hypotheses of Corollary 5.2 weaken those of both Dasgupta and Maskin (1986) and Simon
(1987), and so their hypotheses too imply the existence of a strategic approximation.'

Our final two results provide sufficient conditions for a better-reply secure game to be
finite-support better-reply secure and hence to have a strategic approximation. The second
of the two results is implied by the first, but its hypotheses have the advantage of being
stated in terms of the primitives of the game. The hypotheses of the two results are satisfied

in many economic games (Bertrand, Hotelling, auctions, etc.).

Theorem 5.3. Suppose that the mixed extension of G = (X;,u;)Y ,is better-reply secure. If
for every m € M and every player i, each payoff below a payoff that i can secure at m can be
secured there by a mixed strategy for i whose atomless part, for all x_;, assigns probability
zero to the set of x; such that wu;(-) is discontinuous at (x;,x_;), then G admits a strategic

approximation.

Proof. For each player i and every m € M, define u;(m;, m_;) = liminf,/ ., w;i(mg, m’,).
Consequently, player i can secure the payoff ; at m € M if and only if u;(m;, m_;) > «; for
some m; € M;.

Fix a player i, m € M, and € > 0. Clearly, the strategy m; secures the payoff w,(m;, m_;)
at m. Hence by hypothesis there is a strategy m; € M; securing the payoff u,(m;,m_;) — ¢
at m — ie., w;(m;,m_;) > w;(m;,;m_;) —e — and such that the atomless part of m;, for all
x_;, assigns probability zero to the set of x; such that w;(-) is discontinuous at (x;, x_;).

Decompose 7; into m; = 7;+\;, where 7; is the atomless part of 772;, and \; is concentrated
on a countable set. Assume that both 7;(X;) and \;(X;) are nonzero.'6 Define the probability
measures v; = 7;/7;(X;) and A\; = \;/\(X;) on X;. Since the probability measures on X;
with finite support are dense in M; (see Billingsley (1968)), there is a sequence {v/#}%°, of
elements of M; having finite support such that v* — v;.

For each z € X, let w;(z) = liminf,n_, u;(z™). Consequently, w; is real-valued (since u;(-)
is bounded) and lower semicontinuous on X. In addition, because w;(x) = u;(x) whenever

u;(+) is continuous at x, we have by hypothesis that,

vi{z; s wi(z;, x_;) #ui(x;,x_)} =0, forall z_; € X,

15In fact, the hypotheses of Dasgupta and Maskin (1986) are sufficiently strong to guarantee that for
any game satisfying them, any dense (under the Euclidean metric) subset of the players’ Euclidean strategy
spaces is a strategic approximation. For a related result see Section 6 below.

16The cases in which one of 7; or \; is zero are handled by applying the same argument as follows but
without the normalization.

10



so that

(3

/ wi(x;, x_;)dv; = wi(vi, v—;), forall x_; € X_;, (5.1)
X.

and the function of x_; defined by both sides of (5.1) is continuous on X ;.!7

k

Because (v, m_;) converges weakly to (v;, m_;), the lower semicontinuity of w;(-) implies,

k—oo

liminf/ wi(zi,m_i)dl/fdm_i > /wi(azi,x_i)dl/idm_i
X X

= u(vy, m_;), (5.2)

where the second line follows from (5.1). Hence for all k large enough,

w(vhmo) = lminf ()
> liminf /wi(xi,xi)dyfdm'i
m_,—m_; Jx
> /wi(xi,x_i)dyfdm_i
X
Z u,-(l/i,m_z-)—e, (53)

where the second line holds because w;(-) < w;(-), the third line holds because w;(-) is lower

semicontinuous, and the fourth holds by (5.2).

Choose a sequence of finite-support strategies A\¥ € M;, such that A\F(z;) — X\;(2;) for

each of the countably many z; given positive weight by ;. Because u;(-) is bounded,

gz()‘fa m_

Letting mf = avf + (1 —a

large enough,

u,(m¥,m_;)

7 [

v

v

>

i) > u; (N, m_;) — e, for k large enough. (5.4)

N

1)

where a = 7;(X;) (so that 1 —a = \(X;)) gives, for k

u(avy + (1= a)Aj,m-;)

au; (v, m—i) + (1 = a)u,(\, m—)

a(ui(vi,m—;) —e) + (1 —a)(w;(A\i,m—;) — €)
n}/lm_)%f law;(vi,m’ ;) + (1 — a)u; (A, m' )] — ¢
Qi(tﬁ%am—i) - &

u;(mi,m_;) — 2,

17To see conitnuity, note that if 2’ ; — x_;, then the sequence of functions u;(-,z" ;) on X; converges to the
function u;(-, z_;) pointwise for v; a.e. x; € X;. Since wu;(+) is bounded, Lebesgue’s dominated convergence

/

theorem implies w;(v;, z’_;

) — ui(ui, .’L‘,i).

11



where the third line follows from (5.3) and (5.4), and the fourth line follows from the conti-
nuity of u;(v;,m’_;) in m’ ; established in (5.1).
We have therefore demonstrated the following. For every player i, every € > 0, and every

m € M, there exists m; € M; with finite support such that
w; (Mg, m_;) > w;(m;, m_;) — 2¢,

from which it is immediate that, being better-reply secure, G is finite-support better-reply
secure. The result now follows from Theorems 2.3 and 5.1. H

An immediate consequence of Theorem 5.3 is the following.

Corollary 5.4. Suppose that the mixed extension of G = (X;,u;)N,is better-reply secure.
If for each player i and every x_; € X_;, u;(+) is continuous at (x;,x_;) for all but perhaps

countably many x; € X;, then G admits a strategic approximation.

Remark 1. The countable discontinuity condition in Corollary 5.4 is strictly weaker than
Dasgupta and Maskin’s (1986) “diagonal discontinuity” restrictions on the set of disconti-

nuities of the players’ payoff functions.

6. A Topological Perspective

Another view to approximating infinite games is to insist that every dense subset of the
players’ strategy sets constitutes a strategic approximation. This point of view therefore
places emphasis on the underlying topology. A natural question then is, under what con-
ditions does there exist a topology on the game’s strategy space such that every countable
dense subset of pure strategies is a strategic approximation? Note that examples II and III

illustrate that such a topology need not exist. Nevertheless, one answer is as follows.

Theorem 6.1. If G = (X;,u;)Y, has the finite-support finite deviation property, then there
is a topology on each X; such that whenever, for each i, X*° is a countable dense subset of

X, ;X is a strategic approximation of G.

Proof. For each i, define X as in the proof of Theorem 5.1. Consequently, x; X is a

strategic approximation of GG in the given topology. Let d; be the given metric on X; and

1) is equal to d;(z;, x}) unless either z; or z/ is

define a new metric, §;, on X; so that 9;(z;, 2}

a member of X, in which case §;(x;, ;) = 1. The result now follows because convergence

1 )

under 0; implies convergence under d; and under the metric d; every dense subset of X;

contains X°.1* m

18We remark that under the new metric, the space of pure strategies need no longer be compact.
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7. Appendix

Lemma 7.1. Suppose m™ — m* and p"* — p*, where m* and each m" are in M = A(X)

= [ mB)am)

holds for every Borel subset B of X and every n, then

and p and each p" are in A(M). If

= / m(B)du*(m), (7.1)
M
holds for every Borel subset B of X.'

Proof. Let f: X — [0, 1] be continuous. Then by the definition of m",

/fdm //fdmdu()

The left-hand side of this equality converges to [, f(x)dm*(z) and the right-hand side con-
verges to [i. [ f(x)dm(z)dp*(m) because the functlon Jx f(@)dm(z) is continuous in m.

Hence, we may conclude that for every continuous f : X — [0, 1],

/f Yol //f )i () ().

A standard argument then establishes (7.1).>° B
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