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Abstract

We show that the empirical distribution of the roots of the vector
auto-regression of order p fitted to T" observations of a general station-
ary or non-stationary process, converges to the uniform distribution
over the unit circle on the complex plane, when both T" and p tend
to infinity so that (In7) /p — 0 and p3/T — 0. In particular, even
if the process is a white noise, nearly all roots of the estimated vec-
tor auto-regression will converge by absolute value to unity. For fixed
p, we derive an asymptotic approximation to the expected empirical
distribution of the estimated roots as T" — oo. The approximation is
concentrated in a circular region in the complex plane for various data

generating processes and sample sizes.
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1 Introduction

The last two decades have witnessed the rapid development of economet-
ric methods dealing with detecting and analyzing nonstationary or highly
persistent features in time series: see e.g. Miiller and Watson (2008) and
the references therein for a recent leading example. Researchers are often
inclined to interpret the presence of an estimated root with a near-unit ab-
solute value as evidence for nonstationarity in the data. Should they? Re-
cent studies suggest controversial answers. Johansen (2003) established /7T
asymptotic normality of the estimated simple auto-regressive roots, which
suggests that a large estimated root should indicate persistence. Granger
and Jeon (2006) has found that the roots of auto-regressions (AR) fitted to
US macroeconomic series when plotted on the complex plane “lie in an indis-
tinct ‘milky-way’ band or ‘halo’, with modulus around 0.8”. They speculate
that such a strange pattern reflects over-fitting rather than the persistence
of the underlying series. Nielsen and Nielsen (2008) point out that the usual
VT rate of convergence slows down to T2 for the roots of k-th order. They
use this fact to provide a partial explanation of the ‘halo phenomenon’.

In this paper, we shed light on these issues. We study the roots of the
characteristic polynomials of vector auto-regressions (VAR) fitted either to
stationary or to non-stationary data. We show that the empirical distribution
of the roots converges to the uniform distribution over the unit circle when

both the sample size T' and the order p of the fitted VAR tend to infinity so



that (logT) /p — 0 and p*/T — 0. This convergence is independent from the
covariance structure of the process approximated by the VAR. In particular,
even if the process is a white noise, the absolute value of nearly all roots of
the estimated VAR will converge to unity.

A simple piece of intuition explaining such a strange behavior of the
absolute values of the roots is as follows. Imagine fitting a long AR vy, +
a1yi—1 + ... + apy—p = uy to T observations of a white noise. Consider the
estimated characteristic polynomial 2% + a,2°~! + ... 4+ G, = 0 and denote its
roots as z;, ¢ = 1,...,p. By Vieta’s theorem, > 7 log|z]| = log|a,|. But a,
should converge to zero at the rate T~1/2 as T — oo. Hence, log |a,| must
be of order —% logT' for large T. On the other hand, with high probability,
the estimated AR will be invertible so that log|z;| < 0 for all i = 1,...,p.
Therefore, with p >> logT, the sum Y7, log|z;| can be of order —3logT
only if the majority of log |z;| are close to zero. In other words, most of the
zeros z; must be close to 1 by absolute value.

Our analysis builds on three results in particular. First, and for the
econometric side, Saikkonen and Liitkepohl (1996) have analyzed the asymp-
totic properties of VAR estimates, when both the sample size T and the order
p of the fitted VAR tend to infinity. Adopting their proofs allows us to de-
rive helpful asymptotic properties in our context. Second and third, and for
the algebraic side, we make use of theorems by Erdés and Turan (1950) and
Hughes and Nikeghbali (2008), who have provided bounds for the number of

roots of a polynomial lying in a segment and in an annulus of the complex



plane, respectively. The hard work in proving the main result then consists in
“translating” the Saikkonen-Liitkepohl-inspired asymptotic results into the
conditions needed for Erdos and Turan (1950) and Hughes and Nikeghbali
(2008).

After obtaining our main result for p,7" — oo, we consider the case of
fixed p. For such a case, we focus on the roots of an AR(p) fitted to T'
observations of a univariate stationary AR(co) process. Letting 7" — oo,
we approximate the joint distribution of the coefficients of the fitted AR(p)
by the asymptotic Gaussian distribution given in Bhansali (1981). Then,
treating the approximation as the true distribution of the coefficients of the
AR(p), we derive an analytic formula for the density of the expected empirical
distribution of the corresponding characteristic roots. Our derivation is based
on the results of Hammersley (1956). A numerical analysis shows that the
derived asymptotic approximation of the density of the expected empirical
distribution of the characteristic roots is accurate and is concentrated in a
circular region in the complex plane for various data generating processes
and sample sizes. For example, for AR(8) fitted to 500 observations of a
white noise process, the characteristic roots are expected to lie in a halo-like
region located around a circle of radius 0.7 in the complex plane.

The asymptotic joint distribution of the estimated roots of an AR(p) with
p = 2 has been fully characterized in Pantula and Fuller (1993) and Nielsen
and Nielsen (2008). In cases of fixed p > 2, the asymptotic joint distribution

of the roots and the corresponding empirical distribution of the roots are so



complex that their direct analysis seems prohibitively difficult. Therefore,
our fixed p analysis focuses on the expected empirical distribution of the
roots as opposed to the empirical distribution of the roots. The obtained
expected distribution provides us with an asymptotic approximation to the
expected number of the roots inside any Borel measurable set in the complex

plane.

2 The main result

Following Saikkonen and Liitkepohl (1996), we consider an n-dimensional
process y; = (y},,9%) such that its n;-dimensional component y;, and -

dimensional component yo; satisfy:

Yie = Cryar + uay,
(1)
Ayar = usy,
where n > 0,1, > 0,ny > 0, and where u; = (u},, ub,)" is a zero mean strictly

stationary process.

Note that the triangular error correction model form of (1) is:

Ay, = — Yi—1 + g,



In CYl
where v, = ' u;. We assume that the process vy (and hence also

0 I,
u) has a VAR(00) representation:

Z:io ijt—j = &y, G() = In (2)

Here {...,e_1,€0,€1,...} is a sequence of i.i.d. random n x 1 vectors with
mean Fe; = 0, positive definite covariance matrix Y. and finite fourth mo-
ments. Recall the definition of the Frobenius norm for a matrix ||A| =
Dol Ay 2= Vtr AA’. We assume that the n x n coefficient matrices
G are such that 372 j[|G;|| < oo and that G(2) = I, + G1z + Ga2® + ...
satisfies det G (z) # 0 for |z| < 1. Note that the above DGP spans a wide
range of processes from stationary invertible ARMA, when ny = 0, to general
cointegrated processes.
Let Ay, ..., flp be the OLS estimates of the coefficient matrices of a VAR(p)
fitted to T" observations of y;. Consider the estimated characteristic polyno-
mial

p
P, 7 (2) = det (Inz” — Z fljzp_j> (3)

j=1
Let us denote the number of the roots of }A’p,T (z) that belong to a subset ()
of the complex plane as N, 7 (Q) . Forany 0 < 0 < 1and 0 <60 < ¢ <27, let
Cs={z€eC:1-0<|z|<(1- 5)_1} be an annulus in the complex plane
that contains the unit circle and let Dy, = {z € C: 60 < Arg(z) < ¢} be a

sector in the complex plane. Our result is as follows.



Theorem 1. Let {y;} satisfy (1), and assume that p is chosen as a function
of T so that p*/T — 0, (logT) /p — 0, and VT (|Gp|| + |G| +...) — O
as T'— oo. Then, forany 0 < d <1 and any 0 <0 < ¢ <271, as T — o0 :
Z) ;,,%N T (D9,<p) - @2_;9’

ii) N1 (Cs) = 1.

Figure 1 illustrates the result. It shows the roots of P, (z) for T =
100, p = 12 (100 MC replications) and for 7" = 1000, p = 48 (33 MC replica-
tions). The upper panel of the Figure corresponds to y; which is a univariate
white noise, the lower panel of the Figure corresponds to y; which is a uni-
variate random walk. As T" and p become larger, nearly all roots stick to the
unit circle in a uniform way for both the white noise and the random walk.

In practice, the order p of the approximating VAR would be chosen by an
information criterion such as AIC or BIC. As is well-known (see, for example,
section 7.4 of Hannan and Diestler, 1988), the rate of increase of the chosen
p as T — oo depends on how fast the difference between the smallest mean
squared forecast error based on a VAR(r) approximation and the optimal
mean squared forecast error decays when r — oo. The exponential decay
would imply log(7T") rate for the chosen p, whereas the polynomial decay
would imply a rate faster than a positive power of T" for the chosen p.

For example, if the true data generating process is a finite-order stationary
VARMA with a non-degenerate MA part, then the difference between the
VAR(r)-based and the optimal mean squared forecast errors decays as an

exponent of r, and p chosen by AIC and BIC is of order logT. Therefore,
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Figure 1: Characteristic roots of AR(p) fitted to T' observations of white
noise (top row) and a random walk (bottom row). Left panel: 100 MC
replications, T=100, p=12. Right panel: 33 MC replications, T=1000, p=48.
The pictures show the roots computed in all the replications so there are
12-100 = 1,200 roots in the left panel and 48 - 33 = 1, 584 roots in the right
panel.

in such a case, (logT) /p would not converge to zero as is required by our
theorem, and the convergence of the empirical distribution of the roots to the
uniform distribution over the unit circle would not take place. In contrast,
if the true data generating process has an MA representation with slowly
decaying coefficients so that the difference between the VAR(r)-based and
the optimal mean squared forecast errors decays as a power of r, then the

order p chosen by AIC and BIC would increase faster than a positive power



of T" which would guarantee the condition (log7T") /p — 0 of the theorem.
Note that P, r(z) is a polynomial with random coefficients. Shparo and
Schur (1962) prove an equivalent of Theorem 1 for polynomials with i.i.d. co-
efficients &; such that Emax (0,log|&;|)'** < oo for some positive . Shmer-
ling and Hochberg (2002) prove the theorem for polynomials with indepen-
dent but not necessarily identically distributed coefficients £; with continuous
densities which are uniformly bounded in some neighborhood of the origin

with finite means p; and standard deviations o; that satisfy the condition

sup {lim sup \,uj|1/j , lim sup a;/j} =1.

J—00 J—00

Very recently, Hughes and Nikeghbali (2008) prove an equivalent of The-
orem 1 for an array of polynomials Zj’v:o ¢;n2? with not necessarily indepen-
dent and not necessarily identically distributed random coefficients ;5 such

that
al 1 1
B 10%2 Ein] — ilog\fmﬂ - 510g\5NN| =0(N) as N — cc.
=0

They show that sufficient conditions for the above asymptotics to take place
is the existence of such 0 < ¢ < 1 that ij:oEﬂijF) = exp(o(N)),
Elog |€on| = 0 (N) and Elog[{nny| =0 (N).

In contrast to the cases considered by Shparo and Schur (1962) and

Shmerling and Hochberg (2002), our polynomial }A’p,T(z) does not have inde-



pendent coefficients. Moreover checking the sufficient conditions spelled out
by Hughes and Nikeghbali (2008) is a very non-trivial task for the case of
}A’p,T(z). We therefore establish our Theorem 1 directly by exploiting inequal-

ities satisfied by the roots of deterministic polynomials which are described

in Lemmas 2 and 3 below.

3 Providing a proof.

3.1 Four Lemmas

In order to prove Theorem 1, we need some asymptotic properties of Al, - flp.
To that end, we draw on the analysis of (1), (2) in Saikkonen and Liitkepohl
(1996), which needs to be adapted somewhat for our purposes. It is easy to
see that y; has the VAR representation y, = Ajy;—1 + ... + A,y + €, where

o
€t =& — Zj:p Gjve—j,

A = H — Gy,
Aj=G;H—-Gjforj=23,...p—1, (4)
Ap = Gp_lH,

0 C
0 I,

Lemma 1. Under the conditions of Theorem 1, we have:

i) HA iy ‘ =0, (VE), where A= [Ay, ..., A) and A= [Ay, ..., Ay,

and H =




ii) Pr <O’n (\/T <Ap — Ap)) > 5T> — 1 for any sequence o such that o7 —
0 as T — oo. Here o; (M) denote the singular values of a matriz M in non-
increasing order. Hence, o, (M) is the smallest singular value of an n X n

matriz M, that is the square root of the smallest eigenvalue of MM'.

A proof of Lemma 1 is given in the Technical Appendix. It uses the same
techniques as proofs in Saikkonen and Liitkepohl (1996). These authors have
shown that any .J linear combinations of A — A are asymptotically normal,
for arbitrary values of J. With some work, this can be shown to imply
the second statement in the Lemma. Furthermore, adapting their strategy
delivers the first statement. Note that the length of the vector vec (fl — A)
is increasing with the sample size rather than being fixed at some length N.
For stationary DGPs, the lemma follows from the proof of Theorem 1 and
from Theorem 4 of Lewis and Reinsel (1985).

Additionally, we need the following lemmata:

Lemma 2. (Erdés and Turan, 1950) Let a, k = 0,1,...,np, be arbitrary
complex numbers not all of which are equal to zero, and let N (6, ) denote
the number of zeros of F,(z) = Y0, ax2" that lie in the sector 0 < 6 <
arg z < o, where arg z denotes the angular polar coordinate of the point z in

the complex plane. Then, for agan, # 0:

np 1/2
S |ak|]

| Apnp | 2

< 16 [np log
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Lemma 3. (Hughes and Nikeghbali, 2008) Let ay, k = 0,1,...,np, be arbi-
trary complex numbers not all of which are equal to zero, and let N (&) with
0 < § < 1 denote the number of zeros of F,(z) = > 12 arz" that lie in an
annulus 1 — 0 < |z| < (1 —=08)"". Then, for agan, # O:

2 o k]

np — N (6) < 25 'log 73 (6)
CLOan:D|

Lemma 4. Let U,V be two n x n matrices. Then
ldet V'™ > 0, (V+U) =0y (U) > 0, (V+U) = |U]|. (7)

Proof. According to a singular value analog of Weyl’s inequalities for eigen-
values (see Theorem 3.3.6 in Horn and Johnson, 1991), for any n x n matrices
V and U and for any integers ¢ and j such that 1 <, 7 <nandi+j <n+1,
we have:

irj1 (V +U) <0 (V) +0; (U) (8)

Inequality (8) implies that o, (V +U) < 0, (V) + 01 (U) and therefore,
o, (V) >0, (V+U)—oy (U). The latter inequality and the fact that |det V| =
[Ii=,0: (V) > [0, (V)]" implies the first inequality in (7). The second follows

directly from oy (U) < ||U]]. Q.E.D. m

3.2 The proof of Theorem 1

With these Lemmata, we are ready to state our proof for Theorem 1.
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Proof. Taking F,, (z) = > /7, ap2" = det <zpln - >0 Ajzp_j> , we have:
apGp, = det (—flp) . Taking V = \/TAP and U = —\/TAP in (7) and noting
that o1 (U) = o1 (=U) < ||-U]||, we get

1/n

’det (ﬁ[@

> 00 (VT (A, - 4,)) = VT |14,

The second term in the latter difference converges to zero by the assumption
that /T (||Gp|| + ||Gpy1ll + -..) — 0. The first term satisfies Lemma 1ii) with,
say, o7 = p~ /2 + VT ||4,|. Therefore,

Pr (|a0anp| > (pT)_n/2> — 1. 9)

By definition of the determinant, F,, (2) = > (=1 Piry (2) <. Porny (2)

T

where the summation is over all permutations of 1,2,...,n and P (2) =

~

2P — fl“-z”_l —...— A, ;. Such a representation implies that
»t] 2%

pn n P
Sl <] ( 3 e
k=0 Jj=1

T =1

)1 (e sli-dEim)

where the latter inequality uses the fact that for any vector v = (vy,...,v,),
_1lvil < /pllv]l. But formulas (4) and the assumption that > 22 | j |G| <

oo imply that > ¥_, || A;]| is uniformly bounded and by Lemma 1i) \/p HA - AH =

p~ Y20, (\/ p? /T) < 0,(1). Therefore, there exists a constant M such that

pn
Pr <Z lag| < M) — 1. Combining the latter convergence with (9), we ob-
k=0

12



tain: Pr (\ZZZO\“:% <M (pT)"/4> — 1. This fact and Lemmas 2 and 3 imply
agbnp
that
Py N@#.p) (p—10) <16 logM+logT+logp 1 and
np 21 np 4p

Pr (1_ N (0) <951 (logM+logT+logp)) o
np np 4p

which proves Theorem 1 because (logT') /p — 0 by assumption. Q.E.D. B

4 Fixed p analysis

Figure 1 suggests that the empirical distribution of the roots of estimated
ARs converges to the uniform distribution on the unit circle in a very “reg-
ular” way. For relatively small p, the roots plotted on the complex plane
form a ‘halo’ of the ‘radius’ smaller than one. As p increases, the ‘radius’
converges to one in accordance with our theorem. Such a suggestion is also
supported by additional Monte Carlo exercises (not reported here) and by
the empirical analysis of Granger and Jeon (2006). As was briefly mentioned
in the Introduction, they observe a ‘halo’ formed by the roots of the ARs fit-
ted to 215 different US macroeconomic indicators. Granger and Jeon (2006)
report that, when determined by AIC criterion, the average number of lags
in these ARs is 8.5.

In this section, we provide an analysis of the empirical distribution of the

roots when p is fixed and small relative to the number of observations 7.
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Precisely, we consider univariate ARs fitted to stationary linear processes,
and derive an asymptotic approximation to the expected empirical distribu-
tion of the corresponding roots as 7" — oo but p remains fixed. Our analysis
supports the above speculation that the convergence to the unit circle hap-
pens in the expanding-halos-way. It also reveals interesting root clumping
regularities internal to each halo.

As is well known, the asymptotic distribution of the estimated autore-
gressive coeflicients is Gaussian. Since the characteristic roots of multiplicity
one are locally differentiable functions of the coefficients, we could have used
the delta method to find an asymptotic Gaussian distribution for the distinct
roots. However, this is not the way we proceed. One reason is that the roots
are very non-linear functions of the autoregressive coefficients, and thus, the
approximations based on the delta method work poorly in finite samples.
Another reason is that we do not want to restrict attention to the roots of
multiplicity one. Therefore, our approach is, first, to approximate the distri-
bution of the autoregressive coefficients by the Gaussian distribution based
on usual large-T" asymptotics; and then, to derive the exact density of the
expected empirical distribution of the roots conditional on the autoregressive
coefficients having such a Gaussian distribution.

To perform such an analysis we need two additional Lemmas. Consider

a polynomial

P(z)=co+ 12+ 0+ + Cp_lzp_l 4 5P (10)
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with random coefficients. Let €2 denote Borel sets in the complex plane,
and let Fp(Q) = %{the number of zeros of P(z) in 2} be the empirical

distribution of the zeros of polynomial (10). For any matrix M, let M be

- ReM —ImM
defined as M =
ImM ReM
Lemma 5. Suppose that the coefficients cy, ..., ¢,—1 of the polynomial (10) are

real Gaussian random variables with joint distribution N (u, X)) with X > 0.

Suppose further that p > 1. Then:

i) There exists a function f(z) of complex variable z = x + iy, such that
for any Borel set € in the complex plane which does not intersect with
the real line, we have: E[Fp(Q)] = [, f(2)dxdy. Such a function is
giwven by the following formula. Let us define two p + 1-dimensional
row vectors zy and zy, a 2p+ 2-dimensional column vector ~y, a 2p+ 2-

dimensional square matriz V, and a 2 X (p+ 1) matriz £ as:

20 = (1,2, ...,zp_l,zp) , 21 = (O, 1,2z,..,(p—1) zp_2,pzp_1) ,

> 0
y=(,1,0,.,0), V= , and
0 0

E=%—(5VE) (ZVE) ™ 4.
Then

_exp{—3 (%7) (20V2) " (Gov)}
2mp/det {2V 2}

15
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ii) There exists a function g(x) of real variable x, such that for any interval
(a,b) of real line, we have: E [Fp ((a,b))] = fabg(x)dx Such a function
1s given by the following formula:

\ UO0U11 — U021 exp {_%A%/UOO}
g(x) = NG
mpUoo

2 o
r+ \/j/ (t—r) e_t2/2dt] ,
7T I8

(12)
where

dP(z) B
I } ,Uoo = Var (P(z)),

Uy = Cov (P(x), dr (x)) U = Var (‘U;(x)) , and

dx T
|Uoo A1 — Up1 Ao

r= .
vV Uoo (UooUr1 — U3)

AOIE[P(I)],Ale[

Lemma 5 is a straightforward extension of the results of Hammersley
(1956). He proves an equivalent of Lemma 5 for polynomials ¢y + ¢12 +
coz? + .. 4 ¢p12P7t + 2P with g, ¢, ..., ¢po1, ¢, having a non-degenerate
joint normal distribution. In our case, ¢, is identically equal to 1. Therefore,
Co, C1, ---, Cp—1, Cp have a degenerate joint normal distribution. We prove the
extension of Hammersley’s (1956) result to this particular degenerate case in
the Technical Appendix.

Lemma 5 can be used together with an asymptotic normality result for the

estimated autoregressive coefficients to approximate the expected empirical
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distribution of the roots of the estimated characteristic equation for finite p
and relatively large T. A useful asymptotic normality result is given by the
following lemma. Consider a univariate stationary process having AR(o0)
representation

Ye +01Yp—1 + QY2 +azyi—3 + ... = & (13)

such that 3 7, |a;| < 0o, a(z) = 1+ 372, a;27 is bounded away from zero
for |z| <1, and &; are i.i.d. with Eg; = 0, Ee? = 02 and Ee} < co. Denote
the p X p matrix with s, ¢-th element Ey,y, as R (p) and the p-dimensional

vector with s-th entry Eyoyp.1-s as r(p).

Lemma 6. (Bhansali, 1981) Suppose that an AR(p) model is fit to T' obser-
vations of process (13), and let a(p) = (ay, ...,a1)" denote the vector of OLS

estimates of the autoregressive coefficients. Then, as T — oo,
. _ d
VT (a(p) —a(p) = N (0, ),

where @ (p) = —R (p) "' r (p) and V is a positive definite covariance matriz.

Bhansali (1981) expresses the entries of matrix W in the form of an integral
which involves the spectral density of process (1) and two other functions
which can be computed from the autocovariances and the coefficients of (13).
To save space, we report the formula for ¥ in the Technical Appendix. For
the special case when the AR(o0) representation (18) reduces to an AR(m)

with m < p, the formula for ¥ considerably simplifies: ¥ = 0?R (p)_l .

17



Taking the vector p and the matrix ¥ in Lemma 5 equal to a (p) and £,
respectively, we obtain an approximation to the expected empirical distribu-
tion of the roots of the polynomial 2P +a;2?~'+...4+a,. Such an approximation
is straightforward to analyze numerically.! Below, we conduct such an anal-
ysis for three special cased of the true data generating process: a white noise,

a relatively persistent AR(1) and a moving average of order one (MA(1)).

4.1 Numerical analysis

Case I: white noise. For white noise, we have: a(p) = 0 and ¥ = I,.
Taking p = 0, X = %Ip, p = 8 and T = 500 and using Lemma 5, we
numerically evaluate the density f(z) of the expected empirical distribution
of the estimated characteristic roots in the areas of the complex plain not
intersecting with the real line, and the density g(x) of that distribution on
the real line. We take p = 8 and 7" = 500 because 8 was a typical length
of the AR fitted to the macroeconomic data in Granger and Jeon’s (2006)
application and because 500 months is a reasonable time span over which
monthly US macroeconomic data would be available.

The upper right panel of Figure 2 reports the plot of g(x). We see that
the real roots are expected to lie symmetrically around zero with a typical
distance to zero equal to about 0.7. Numerically evaluating the integral

ffooo pg(z)dz, we find that the expected number of the real roots equals 1.31.

"'We have also checked using Monte Carlo simulations that, for the processes and pa-
rameter values considered in the next subsection, such an approximation is very accurate.
We do not report our Monte Carlo analysis to save space.

18



Hence, the expected number of the complex roots equals 8-1.31=6.69.

The upper left panel of Figure 2 reports the contour plot of f(z). The
outer contour represented by a relatively fat line is chosen so that the ex-
pected number of the roots inside this contour equals 95% of the expected
total number of the complex roots. We see that the complex roots are ex-
pected to lie in a halo-like region in the complex plane (we show only the
upper half of the complex plane because the picture is symmetric around the
real axis). Moreover, the roots are more likely to occur at regularly spaced
locations with the angular “distance” between the closest locations equal to
about /8.

The lower left panel of Figure 2 shows the plot of ¢ (r) = f027r rf(re®)dw.
Note that r f(re™) is the density of the expected empirical distribution of the
complex roots in polar coordinates. Therefore, ¥)(r) can be interpreted as the
marginal radial density of the expected empirical distribution of the complex
roots. We see that the “radius” of the halo where most of the complex roots
are expected to lie is close to 0.7. Note that the best AR(8) approximation
of white noise is AR(8) with zero coefficients. Hence, as T" tends to infinity,
the estimated coefficients of AR(8) fitted to white noise data converge to
zero and the corresponding roots must converge to zero too. Figure 2 shows
that T" = 500 is far from being enough to “observe” the convergence. We
computed the marginal radial densities and the corresponding 5th, 25th,
50th, 75th and 95th quantiles for different values of T from 7' = 10? to

T = 10° and plot these quantiles against log;, 7" in the right lower panel of
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Figure 2: The density of the expected empirical distribution of the charac-
teristic roots of AR(8) fitted to 500 observations of a white noise process.

Figure 2. The estimated complex roots are expected to lie at a substantial
distance from zero even when T equals one million!

Case II: AR(1). Let us now consider the true data generating process
of the form y; = 0.9y,_1 + &;. Figure 3 is an equivalent of Figure 2 for such
a process. There are several changes relative to Figure 2. First, the right-
most locus of the concentration of f(z) shifted substantially towards the true
0.9 root on the real line. The remaining loci spread evenly in the angular
range which was emptied after the shift. The density on the real line become
concentrated around the true root. The modes at around £0.7 remain, but

their magnitude substantially decreases. Moreover, the symmetry of these
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Figure 3: The density of the expected empirical distribution of the charac-
teristic roots of AR(8) fitted to 500 observations of an AR(1) data generating
process.

modes is broken: the new 0.9 location “absorbs” more mass from the +0.7
location than from the —0.7 location.

Case III: MA(1). Now we consider the true data generating process of
the form y; = £,+0.9¢,_;. It has an AR(o0) representation ) ™~ | (—0.9Y y,_; =
g¢. The corresponding results are presented in Figure 4. As before, the outer
fat line contour shows the region in which the expected number of complex
zeros equals to the 95% of the total number of complex zeros. However, the
remaining contour lines now correspond to much higher levels (not reported)
of the density than those on the previous two graphs. Further, instead of

seven loci of the density concentration, we have only four. They are located
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Figure 4: The density of the expected empirical distribution of the character-
istic roots of AR(8) fitted to 500 observations of an MA(1) data generating
process.

in the proximity of the roots of the best (in terms of minimizing expected
squared error of prediction) AR(8) approximation to our MA(1) data gener-
ating process. These true roots are shown as squares at the contour plot.
At first sight, the fact that the true roots form a halo-like structure might
seem spurious. However, there is a reason for such behavior. Jentzsch (1914)
proved that if a deterministic series 1 4+ a1z + a22® + agz® + ... converges
for all |z] < 1 but does not converge for some |z| < 1+ ¢ for any € > 0,
that is, if it has the unit circle as the circle of convergence, then every point
of the unit circle is a cluster point of zeros of the partial sums S,(z) =

14 a1z + agz? + ... + apzP. Szegd (1922) generalized this result by showing
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that there are indices n; < ny < ... such that the roots of S, () become
uniformly dense in Cj for arbitrarily small 6. In other words, a theorem
similar to our Theorem 1 holds for the roots of the partial sums of a very
large class of power series. Clearly, the power series Z;io (—0.9)’ 27 has the
unit circle as the circle of convergence. Further, the characteristic equation
(with z replaced by z7!) for the AR(p) approximating our MA(1) process
is close to the partial sum %, (—0.9)7 27, at least for relatively large p.
Hence, for relatively large p, we would expect the true zeros of the best
AR(p) approximations to our MA(1) to be distributed in a halo-like fashion.

Minnesota prior. Our final numerical exercise is to compute the ex-
pected empirical distribution of the roots of AR(8) which corresponds to the
Minnesota prior of Litterman (1986) about the auto-regressive coefficients.
The prior is frequently used in economic research. It specifies the joint nor-
mal distribution for the coefficients of? v, = a1y,—1 + ... + apYi—p + €, s0 that
the different coefficients are independent, the coefficient a; has mean one and
the standard deviation A, and the coefficients a; with j > 1 have mean zero
and standard deviations A\/j. The usual choice for A in economic forecasting
applications is 0.2, and therefore, we set A = 0.2. Figure 5 is an equivalent of
Figures 2-4 for the Minnesota prior. The lower right panel is absent because

the prior does not depend on 7', whereas our approximations to the expected

empirical distributions of the roots in the previous exercises do depend on 7.

2The Minnesota prior was developed for vector auto regressions. In our numerical ex-
ercise, we are only interested in the special case of the prior for univariate autoregressions.
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Figure 5: The density of the expected empirical distribution of the char-
acteristic roots of AR(8) with the coefficients distributed according to the
Minnesota prior.
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Note that a researcher who has the Minnesota prior about the coefficients
of AR(8) should expect the complex roots to form the halo-like patterns with
“radius” equal to about 0.6. For that researcher, the halo is an a priori
reasonable location of the roots of an AR(8) describing economic data. That
researcher would therefore have to disagree with Granger and Jeon’s (2006)
speculation, that the halo-like pattern for the roots of the ARs fitted to the
US macroeconomic data is due to the overfitting. Of course, it may well
conversely be the case that the Minnesota prior has disagreeable properties.
It is perhaps helpful to compare this prior to the standard deviation of the
conditional MLE for an AR(8) and a sample of length 7"+ 8, when the DGP
is white noise with unit variance: one obtains the same standard deviation
for the estimator a; with j > 1, if T = 255%. For ag for example, one may
then think of the prior as similar to having observed a sample of T = 1600
and having fitted an AR(8) to a white noise process with an estimate of zero
for ag: it therefore appears to express considerable a priori confidence that
the coefficient is indeed zero. Nonetheless, this a priori confidence is not
sufficient to force the roots to cluster near zero. It may be good to bear this

in mind, when applying this prior.

5 Conclusions

We have shown that the empirical distribution of the roots converges to the

uniform distribution over the unit circle when both the sample size T" and
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the order p of a fitted VAR tends to infinity so that (log7’) /p — 0 and
p3/T — 0. In particular, even if the process is a white noise, nearly all roots
of the estimated VAR will converge by absolute value to unity. Therefore,
caution is recommended when finding a number of roots with absolute values
near unity and drawing the conclusion that the data is highly persistent. Our
fixed p analysis shows that the estimated roots are expected to form a halo-
like pattern on the complex plane even if the true roots are zero and T is
extremely large.

We would like to point out that the striking ubiquity of unit roots estab-
lished by Theorem 1 does not have negative implications for the econometric
procedures not directly based on the estimated roots. For example, uni-
variate stationary processes that satisfy the conditions of Theorem 1 would
satisfy Berk’s (1974) conditions for the consistency and asymptotic normality
of the auto-regressive spectral estimates. For another example, the critical
coefficient in the “long” augmented Dickey-Fuller regression would not be-
have in an unusual way because it is related to the characteristic roots of
the regression only through their sum. What Theorem 1 does imply, is that
inference regarding the presence of unit roots and nonstationarity by looking
at the largest roots in an AR can be highly misleading: with enough lags,
one is bound to detect many roots near unity, even if the data is white noise.
There may be deeper connections to the deterioration of the properties of
cointegration tests, when the lag length is high, see Liitkepohl and Saikko-

nen (1999), and the debate on “power=size” for unrestricted unit root tests,
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see Campbell and Perron (1991), that should prove fascinating to explore

further.
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Technical Appendix

6 Proof of Lemma 1

Let us reparametrize regression v, = Ajyi—1 + ... + Ayyi—p + €, as Ay, =
Z:;iE‘jUt—j + Zpaur—p + Yoyai—1 + €. Using equations of model (1), it
is straightforward to check that the regressors in the first regression X; =
[yg_l, ...,yé_p}/ are linked to the regressors in the second regression W, =

/ / / / !/ s 3 s : _
(Ui g, Uiy, Uy s Yoy 4] Dy an invertible linear transformation X, =

VW, where V =[S 2, Z = [On2><n17[n270n2><n(p—1):| ,

L, 1®R 0 0 I,1®
s=| ! + P ®Q : (14)
0 [, —Ci] 0 0
I, —C 0 0
R = and Q =
0 Ing O —4in2

Let us denote the OLS estimates of the parameters of the second regression

~
—_

as Z;, 2,1 and ¥y, . Since the transformation V depends on the unknown
parameter (', these estimators are infeasible. However, their asymptotic
properties are relatively easy to analyze and, once obtained, can be used to
derive the asymptotic properties of A, ..., Ap.

Let us denote [Z4, ..., Z,-1, 5, 1] as = and the matrix of the corresponding

OLS estimates as =. We have: A—A = <é — E) S+ (@0 — \Ifo) Z. Now, Uy =
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0 because both sides of the second regression must be 7(0). Further, )‘ifoH =

O, (T™1) (see equation (A14) in Saikkonen (1992)). Therefore, to establish
part i) of Lemma 1, it is enough to show that H (é — E) SH =0, (\/1)/7) )
Decomposition (14) implies that o1 (S) < 01 (R) + o1 ([{n,, —C1]) + 01 (Q)
and therefore, oy (5) remains bounded when p rises. This fact implies that
-0, (Vi)

— _ / / / !/ _ /
Let us define ey = e; — &y, Uy = [uj_y, iy, vy, ), Tu = EUUY,

—_
—
—

N=T-p [, = N‘lzT W, W/, and let us partition the inverse ol =
9 w t=p+1 t t w

[fq(ul ) T8 )] conformably with W, = [U], yévt_l]/. Consider the following de-

composition: E_E=F+ B+ F+ F3, where Fy = N~ Z 5tU’

— n-1 -1 — nN-1 r 1
F, =N Zt:pHeltUtTu B =N Zt:pH@ltWt’ (00 - [Fu ,0] ) and

el /(1) 1o . . :
Fy =N Z W, (Fw — [, 0] ) . As in Saikkonen (1992, equation
t=p+1
(A9)), it follows that |Fy|, [|E5]| = O, (32/N) = o, («/p/T). Thus, it
remains to show that ||Fy|| and [|Fy|| are O, (x/p/T) .

First, let us establish a useful fact that ¢; < Apin (I'y) < Amax (F) < ¢ for
some constants 0 < ¢; < ¢o < 00. Consider the spectral density matrix for u; :
fuu (\) = £RG(eM)E, (RG(e™))", where, by assumption, X. is positive defi-
nite, R is non-singular and det (G(e*)) # 0for A € [0, 2] . Since det (G(e™))
is a continuous function of A € [0, 2] and since ||G(e™)|| < oo for A € [0, 27]
we have: infacjo.on] On (fuu (A)) = 11 > 0 and supygpg a0 01 (fuu (V) = 72 <
00. On the other hand, Ayin (I'y) > 27 infacpo2x) On (fuu (A)) and Apax (I'y) <

2minfycpo,2q) On (fuu (A)) . Therefore, ¢; < Apin (I'y) < Amax (I'y) < ¢a, where
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c1 =21y, and ¢y = 27y, Now, for ||Fy]|, we have:

T
BIR|=N"E|Y_ el

< B et
= B|[(1, U @ 222) (571 2e) |

< (Blerue )" (sl al’)

The latter square root is o (T7'/2) (see (A12) in Saikkonen, 1992). For the
2
LU ® Z;QH = trlttrY. < npAgl (D) trY. <

nper! tr S = O (p) . Therefore, E||Fi|| = O (/p/T) and | By = 0, (V/p/T).
For ||Fyl| , we have:
2) 1/2

2
= Y, E(ele) E(UU,) < pN (tr3:) E (uju) =

former, we have: E‘

T
BI\R|=N"E|Y,_ aur:

-1 -1 T !
<N ¢ (EHZt:pH eU]

But E HZtT:pH U
O (pN) . Therefore, E || Fyl| is O <\/p/T) , which implies that || Fo|| is O, (wp/T) .
Since both ||Fy|| and ||Fi|| are O, (\/p/T> , part i of Lemma 1 holds.

Turning to the proof of part ii), note from (14) that Ap—Ap = (é — E) v,
where U is a matrix whose elements are zero except for the lower n x n

0o -1,
block, which equals to ¥, = * |. Lemma A.3 of Saikkonen

Inl _Cl

and Liitkepohl (1996) implies that for any sequence of n-dimensional vec-
tors L, VTor; 1l vec (Ap - Ap) L A(0,1), where o2 = I (W'T; "0 @ 3.) 1,
By Theorem 4.2.12 of Horn and Johnson (1991), which describes the eigen-
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values of a Kronecker product as products of the eigenvalues of the com-
ponents of the product, Ay, (P'T10 @ B.) > Apin (W'T10) A (22) and
Amax (WT0 @ 5.) < Apax (UT710) Aoy (22) . On the other hand, Ay (9T 10) >
02 (U) Amin (T71) = 02 (R) A7, (Ty) > 02 (R) ¢; ', where the middle equality

follows from the fact that ¥, equals an orthogonal matrix times R. Sim-

ilarly, Amax (U'T700) Apax (B2) < 02 (0) Apax (T7Y) = 02 (R) A\i

u min

(Iy) <

o1 (R) ¢, Summing up, o2 (R)¢;' < 02 < 07 (R)c;". But such inequal-

ities imply that for any measurable subset Q0 of n?-dimensional Euclidean
space such that Pr (N (0, 1,2) € Q) # 0, there exist constants di,ds > 0

Pr(v/T vec Ap_Ap Q
such that d; < (Pr(/\/((gj z)eﬂ))e )

< dy for large enough p. Now, had the
statement ii) of Lemma 1 been false, there would have existed a sequence
0r — 0 and € > 0 such that for any Ty there exists T" > T such that
Pr <an (\/T (Ap — Ap)> < 5T) > ¢. Given some 0 > 0, let ©(J) be the set
of all vectors w € R™ such that the n x n matrix W defined by vec W = w
satisfies o, (W) < 0. Choose 0 small enough so that Pr (N (0,,2) € Q(9)) <

e/ (2dy) . Then, for large enough 7', we have d7 < ¢ and therefore

Pr (\/Tan <Ap - Ap) < (5T> < Pr (ﬁan <Ap - Ap) < 5)
— Pr (\/Tvec (Ap - Ap) € 9(5)) < dyPr(N(0,1,2) € Q(8)) < g

We have got a contradiction, and therefore statement ii) of Lemma 1 is true.

Q.E.D.
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7 Proof of Lemma 5

Hammersley’s (1956) Theorem 8.1 establishes an equivalent of Lemma 5 for
polynomials P.(z) = Zp Oc]zj = Z (aj +1ib;) 27, where i = /=1 and
the components of ¢ = (ao, ..., ap, by, ..., b,)" have a joint distribution with
continuous density w (s). His Theorems 9.1 and 9.2 then use an extended
Slutzky-Fréchet theorem (Theorem 3.1) to show that results for the real case
when by = ... = b, = 0 can be obtained as limits of the corresponding results
for the complex case. We need to modify Hammersley’s arguments to further
allow for ¢, = 1. Below, we give details of such a modification after sketching
those arguments that remain unaltered.

Let A be a Borel measurable subset of R? and let D = {z = x + iy : (z,y) € A}.
Consider a mapping ¢ : AXR?* — R**2 which sends s = (z,y, a1, ..., ap, b1, ..., b,)’
to ¢ = (ao, ..., ap, b, ..., by)", where ag and by are the unique real numbers
such that P, (z + iy) = 0. The region A x R? can be represented as a union
of regions 2;, j = 1,...,p such that ¢ is a j-to-1 mapping in ;. Pre-
cisely, s € Q; if and only if P, (2) has exactly j distinct roots in D. Since
2) 2, where z = x + 1y,
2d8 = %Z ]J;O(Q (c)de. But
the latter sum equals the expected number of zeros of P.(z) in D. Hence,
if % Jaxge w (@ (s)) P;(s)(z) 2

f(z) is the density of the expected empirical distribution of the roots of P.(z).

the Jacobian of ¢ equals

Qag 8bg _ Obo dag _ | pt
or Oy o Oy

Pi(2)

we can write: %foRgp w (p(s))

ds can be represented as fZeD f(2)dzdy, then

2
Notethat%foRzpw(gp (s)) ‘P;(S)(z)} ds = fA[ fP ¢) |P!(2)|? de| duwdy.
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Denoting the joint density of ¢ = (Re P.(z),Re P/(z),Im P.(2),Im P! (z))'

as ¥ (q), we can rewrite the inner integral in the latter double integral as

1

5 g —gse WY (q ) (g3 + q3) dgodqs, which provides us with a formula for f(z).

When ¢ is Gaussian with mean + and covariance V, ¢ is also Gaussian with
parameters that are simple functions of v, V' and 2. Using this fact and some
clever elementary algebra, Hammersley (1956) derives formula (11) from the
above integral representation of f(z).

In the above derivation, matrix V' must be non-singular because ¢ must
have a continuous density, by assumption. However, as pointed out by Ham-
mersley (1956), formula (11) remains valid for singular V' as long as Z,V Z, re-
mains non-singular. Indeed, let ¢(k) ~ N (v, V), where V} are non-singular
and such that lim,_,., V. = V. Then, as has been shown above, the expected

number of roots of Py (2) in D equals [, fx(z)dzdy, where fj, (2) is given

zen
by (11) with V replaced by Vi. Since c(k) < ¢, the extended Slutzky-Fréchet
theorem implies that fze b Jx(2)drdy converges to the expected number of
roots of P.(z) in D. On the other hand, since Z,V}Z, converges to a non-
singular matrix Z,V 2, limy_ fi (2) exists and equals f(z). Therefore, the
expected number of roots of P, (z) in D is given by [ _, f(z)dxdy, where
f(z) is as in (11).

Proof of part i) Theorem 9.1 of Hammersley (1956) considers a special
case of singular V' when by = ... = b, = 0 and shows that Z,V Z remains

non-singular as long as Imz > 0. Below, we will show that Z,V Z remains

non-singular if, in addition to by = ... = b, = 0, we have: a, = 1, so that
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¢, = 1. As discussed above, the proof of the non-singularity of ZV'Z will
suffice to establish (11) in Lemma 5 i).

Let z = x + 4y with y > 0 and let zg = (1,2,...,2°71,2P) as defined
in Lemma 5. Consider a (p+1) x (p + 1) matrix X with the element in
the i-th row and j-th column equal to zero if i > j and to %xr’
if i+ < j. The Taylor expansion of zy around (1,z,...,2P~! aP) yields 2y =
(1,iy,4%y?, ..., 1PyP) X. Therefore, Zy = X~k , where yo and 1,

nX  yoX

are the real and the imaginary parts of (1,1y,i%y?, ..., PyP) .
Now, let X be the sub-matrix of X which consists of the first p columns of

X. Then, the above formula for Z; and the definition of V' in Lemma 5 imply

XiEX1y, yoXaX Xy
that 2,V Z) = st s . Note that the p + 1-th row of

yXaXXqy, i XaX Xy
matrix X consists of zeros. Therefore, yoX; = 7oX1 and y; X; = §:X1, where
o and 7 are the real and the imaginary parts of (1,y,i%y?, ..., 'y?~!) and
X, is the sub-matrix of X, which consists of the first p rows of X;. Hence,
we have:
WV = ?30)_(12)_({% ?30)_(12)_(@1 ' (15)
n XX X179, nXiXX |y
But X, is an upper triangular matrix with all coefficients on the main
diagonal equal to one. Therefore ‘)_(1‘ = 1 and X;2X] is positive definite.

Besides, since p > 1 and y > 0, neither g, nor ; is null and there exists a

non-singular p X p matrix Y with the first row equal to ¢y and the second row
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equal to g;. It remains to note that, according to (15), )V 2 is a minor on
the main diagonal of the positive-definite matrix Y X; X XY and is therefore
positive definite itself. Q.E.D.

Proof of part ii). In Theorem 9.2, Hammersley (1956) studies the case
of real z, which corresponds to part ii) of Lemma 5. In such a case, Z,V % is
singular so (11) no longer holds. Hammersley (1956) proposes to derive the
density of the expected empirical distribution of the real roots of P, (z) by
evaluating the limit g(z) = lims_ 1 ff s fs(2)dy. Here f5(z) is obtained from
(11) by replacing each of the zero diagonal elements of V' by a small num-
ber ¢'9/7. Hammersley’s (1956) derivations on pp. 107-109 show that g(z)
satisfies (12) as long as the joint distribution of P.(z) and P! (z) is a non-
degenerate normal distribution for each fixed real x. Let us check that this
condition is satisfied under the assumptions of Lemma 5. Denote the row vec-
tor (1,x, 22, ...,2P~1) as xg and the row vector (0, 1,2z, ..., (p — 1) 2P72) as z;.
Then, the covariance matrix of the vector (P.(z), P! (x)) equals

rh¥xy ThITy
0 0 . . . .
. Since, by assumption, p > 1, neither xy nor x; is null,
LU,IESL’O IIIEZL’l

and there exists a non-singular matrix ) with the first row equal to xg and
the second row equal to z;. Hence, the covariance matrix of (P.(z), P! (z))’
is a minor on the main diagonal of the positive definite matrix Q3@ and is

therefore non-degenerate. Q.E.D.
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8 Bhansali’s formula for ¥V in Lemma 6

Let f(\) = % Soo2 o Eyiyiiue™ ™ be the spectral density of the process y;
described in (13). Further, let R}* (4, j) denote the i, j-th element of matrix
R(p)~ let A, (N) = 143"  a;27, and let H, (A\) = Y0 RI™ (u,j) e=*.

Then, the element in the u-th row and the v-th column of matrix ¥ from the

statement of Lemma 6 equals:

U, = 4n / " Re [Ap (\) m] Re [Ap N H,— V] 2 (N dn.

—Tr

This is a slightly reformulated version of formula (3.10) in Bhansali (1981).
The difference with that formula is that our H has indices p — v and p —
v, whereas Bhansali’s H has indices u and v. It is because we are inter-
ested in the asymptotic covariance matrix of vector (G, Gp—1, ..., dl)/ , whereas

A

Bhansali (1981) is interested in the asymptotic covariance matrix of (ay, ag, ..., @,) -
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