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Abstract

In macroeconomic forecasting, principal component analysis (PCA) has been the most preva-
lent approach to the recovery of factors, which summarize information in a large set of macro
predictors. Nevertheless, the theoretical justification of this approach often relies on a conve-
nient and critical assumption that factors are pervasive. To incorporate information from weaker
factors, we propose a new prediction procedure based on supervised PCA, which iterates over
selection, PCA, and projection. The selection step finds a subset of predictors most correlated
with the prediction target, whereas the projection step permits multiple weak factors of distinct
strength. We justify our procedure in an asymptotic scheme where both the sample size and
the cross-sectional dimension increase at potentially different rates. Our empirical analysis high-
lights the role of weak factors in predicting inflation, industrial production growth, and changes

in unemployment.
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1 Introduction

Starting from the seminal contribution of Stock and Watson (2002), factor models have played a
prominent role in macroeconomic forecasting. Principal component analysis (PCA), advocated in
that paper, has been the most prevalent approach to the recovery of factors that summarize the
information contained in a large set of macroeconomic predictors, and reduce the dimensionality of
the forecasting problem.
The theoretical justification for the PCA approach to factor analysis often relies on a convenient
— but critical — assumption that factors are pervasive (strong), see for example Bai and Ng (2002) and
Bai (2003). In that case, the common components of predictors can be extracted consistently by PCA
and separated from the idiosyncratic components. Recently, Bai and Ng (2021) relax this condition,
showing that PCA can consistently recover the underlying factors under weaker assumptions.
Nevertheless, PCA is an unsupervised approach, and by its nature, this poses some limits to its
ability to find the most useful low-dimensional predictors in a forecasting context. Specifically, if
the signal-to-noise ratio is sufficiently low, the factor space spanned by the principal components is
inconsistent, or even nearly orthogonal to the space spanned by true factors, see Hoyle and Rattray
(2004) and Johnstone and Lu (2009). In such instances, we refer to the underlying factors as weak.
In this paper we study a setting in which factors are sufficiently weak that PCA fails to recover
them. We propose a new approach to dimension reduction for forecasting, based on supervised PCA
(SPCA). The key idea of supervised PCA is to select a subset of predictors that are correlated with
the prediction target before applying PCA. The concept of supervised PCA originated from a cancer
diagnosis technique applied to DNA microarray data by Bair and Tibshirani (2004), and was later
formalized by Bair et al. (2006) in a prediction framework, in which some predictors are not correlated
with the latent factors that drive the outcome of interest. Bai and Ng (2008) generalize this selection
procedure (i.e., a form of hard-thresholding) to what they call the use of targeted predictors (that
include soft-thresholding as well), and find it helpful in a macroeconomic forecasting environment.
Unlike Bair et al. (2006), our supervised PCA proposal involves an additional projection step, and
a subsequent iterative procedure over selection, PCA, and projection to extract latent factors. More
specifically: we first select a subset of the predictors that correlate with the target, and extract a
first factor from that subset using PCA. Then, we project the target and all the predictors (including
those not selected) on the first factor, and take the residuals. We then repeat the selection step using
these residuals, extract a second factor from the new subset using PCA, and then project again the
residuals of the target and all predictors on this second factor. We keep iterating these steps until
all factors are extracted, each from a different subset of predictors (or their residuals). We provide
examples to illustrate that our iterative procedure is necessary in general settings where factors
can grow at distinct rates (that is, they are of different strength) and factors are not necessarily
marginally correlated with the target. The final step of our procedure is to make predictions with

estimated factors via time-series regressions.



We justify our procedure in an asymptotic scheme where both the sample size and the cross-
sectional dimension increase but at potentially different rates. We show that our iterative procedure
delivers consistent prediction of the target. While our procedure can extract weak factors, we do
not have asymptotic guarantee for recovery of the factor space that is orthogonal to the target.
Importantly, this is irrelevant for consistency in prediction. Intuitively, using information about the
correlation between each predictor and the target, we gain additional information useful to extract
some of the factors even when they are weak. As a result, the factor space that we may fail to
recover must be orthogonal to the target, and therefore missing it does not affect the consistency of
the prediction.

The weak factor problem in our setting arises from the factor loading matrix, whose eigenvalues
increase but at a potentially slower rate than the cross-sectional dimension. The factors we consider
are weaker than those discussed in Bai and Ng (2021); as we show in the paper, PCA cannot
consistently recover them, and prediction via PCA is biased. Interestingly, in this setting even
supervised procedures may in general fail to recover the relevant factors: specifically, we show that
a widely used supervised procedure, partial least squares (PLS), is in fact subject to the same bias
as PCA. That said, our procedure will miss factors that are extremely weak. These are the kind of
factors studied by Onatski (2009) and Onatski (2010), cases in which the eigenvalues corresponding
to the factor component are of the same order of magnitude as those of the idiosyncratic component.
In this context, while it is possible to infer the number of factors, Onatski (2012) show that the
factor space cannot be recovered consistently (and neither SPCA will be able to do so).

Finally, beyond consistency (which requires weaker assumptions), if we make an additional as-
sumption that each of the latent factors is correlated with at least one of the variables in a multivariate
target, we can obtain stronger results: we can estimate the number of weak factors consistently, re-
cover the space spanned by all factors, as well as provide a valid prediction interval on the target. Our
asymptotic result does not rely on a perfect recovery of the set of predictors that are correlated with
the factors, unlike Bair et al. (2006). Moreover, our result accounts for potential errors accumulated
over the iterative procedure.

We illustrate the use of SPCA with an empirical application to macroeconomic forecasting (in the
Online Appendix). We combine the standard Fred-Md dataset of 127 macroeconomic and financial
variables with the Blue Chip Financial Forecasts dataset, that contains hundreds of forecasts of
various variables (like interest rates and inflation) from professional forecasters, thus obtaining a
large dataset of predictors. We then apply different prediction and dimension reduction methods
to forecast quarterly inflation, industrial production growth, and changes in unemployment. We
compare the results using SPCA to those obtained using PCA (as in Stock and Watson (2002)) and
PLS (as in Kelly and Pruitt (2013)). We show that in a setting with a large number of (potentially
noisy and/or redundant) predictors, SPCA performs well in forecasting macroeconomic quantities
out of sample. We also investigate the selection that SPCA operates, and find that it isolates, for

each target, a different group of useful predictors; it also focuses on a few financial forecasters, whose



survey responses are selected particularly often. Finally, we illustrate the use of SPCA with multiple
targets at the same time (macroeconomic variables forecasted at different horizons: 1, 2, 3, 6 and 12
months).

Our paper relates to several strands of the literature on forecasting and on dimension reduction.
Within the context of forecasting using latent factors, it focuses on static approximate factor models.
Dynamic factor models are developed in Forni et al. (2000), Forni and Lippi (2001), Forni et al.
(2004), and Forni et al. (2009), in which the lagged values of the unobserved factors may also affect
the observed predictors. It is possible to extend our approach to the dynamic factor setting, which
is beyond the scope of this paper. Chao and Swanson (2022) study estimation and forecasting
within a weak-factor-augmented VAR framework. They also use a pre-selection step since factors
only have influence on a subset of predictors. A unique contribution of theirs is a self-normalized
score statistics for selection in place of correlation screening as in supervised PCA, which ensures
consistent selection of marginally correlated predictors with vanishing Type I and II errors. Similar
to Bair et al. (2006), they assume all factors to have the same order of strength and all important
predictors to be marginally correlated with the target, which our iterative procedure is designed to
avoid.

Our paper is also related to a strand of the literature on spike covariance models defined in
Johnstone (2001), where the largest few eigenvalues in the covariance matrix differ from the rest
in population, yet are still bounded. In this setting, Bai and Silverstein (2006), Johnstone and Lu
(2009) and Paul (2007) show that the largest sample eigenvalues and their corresponding eigenvectors
are inconsistent unless the sample size grows at a faster rate than the increase of the cross-sectional
dimension. Wang and Fan (2017) extend this setting to the case of diverging eigenvalue spikes, and
characterize the limiting distribution of the extreme eigenvalues and certain entries of the eigenvectors
in a regime where the sample size grows much slower than the dimension. All these papers shed light
on the source of bias with the standard PCA procedure in various asymptotic settings.

Besides supervised PCA, an alternative route taken by an adjacent literature to resolving the
inconsistency of PCA is sparse PCA, which imposes sparsity on population eigenvectors, see, e.g.,
Jolliffe et al. (2003), Zou et al. (2006), d’Aspremont et al. (2007), Johnstone and Lu (2009), and Amini
and Wainwright (2009). Uematsu and Yamagata (2021) adopt a variant of the sparse PCA algorithm
proposed in Uematsu et al. (2019) to estimate a sparsity-induced weak factor model. Because sparsity
is rotation dependent, such weak factor models require rotation-specific identification assumptions,
whereas standard factor models do not. The weak factor models we consider, for instance, avoid
such a sparsity assumption, which makes our approach distinct from the sparse PCA.

In a companion paper, Giglio et al. (2020) incorporate a similar supervised PCA algorithm into
the two-pass cross-sectional regression and study its parameter inference in an asset pricing context.
In contrast, this paper focuses on predictive inference and provides asymptotic guarantee on the
convergence of extracted factors. Our approach also shares the spirit with Bai and Ng (2008) and

Huang et al. (2021). The former suggests a hard or soft thresholding procedure to select “targeted”



predictors to which PCA is then applied, without providing theoretical justification. The latter
suggests scaling each predictor with its predictive slope on the prediction target before applying the
PCA. Our procedure and its asymptotic justification are more involved because the eigenvalues of
the factor loadings in our setting can grow at distinct and slower rates.

The rest of the paper is organized as follows. In Section 2 we introduce the model, provide
examples to illustrate the impact of weak factors on prediction, and develop our supervised PCA
procedure. In Section 3, we present our approach in general settings and provide asymptotic theory
for our procedure. Section 4 provides Monte Carlo simulations demonstrating the finite-sample
performance. Section 5 concludes. The appendix provides mathematical proofs of the main theorems
in the paper. The online appendix presents an empirical application, details on the asymptotic

variance estimation, and proofs of propositions and technical lemmas.

2 Methodology

2.1 Notation

Throughout the paper, we use (A, B) to denote the concatenation (by columns) of two matrices A
and B. For any time series of vectors {%}g;b we use the capital letter A to denote the matrix
(a1,as,--- ,ar), A for (ai4n,as4ph, - ,ar), and A for (a1, as,--- ,ar_p), for some h. We use [N] to
denote the set of integers: {1,2,..., N}. For an index set I C [N], we use |I| to denote its cardinality.
We use A7 to denote a submatrix of A whose rows are indexed in I.

We use a Vb to denote the max of @ and b, and a A b as their min for any scalars a and b. We also
use the notation a < b to denote a < Kb for some constant K > 0 and a Sp b to denote a = Op(b).
If a <band b < a, we write a < b for short. Similarly, we use a <p b if a Sp b and b Sp a.

We use A\pin(A) and Apax(A) to denote the minimum and maximum eigenvalues of A, and
use A;j(A) to denote the i-th largest eigenvalue of A. Similarly, we use 0;(A) to denote the ith
singular value of A. We use ||A| and ||A||p to denote the operator norm (or ¢ norm), and the
Frobenius norm of a matrix A = (a;;), that is, \/Amax(A’A), and /Tr(A’A), respectively. We also
use || Allyax = max; j |a;;| to denote the £o norm of A on the vector space. We use Py = A(A’A)~1A/

and My = [ — P4, for any matrix A with d rows, where I; is a d x d identity matrix.

2.2 Model Setup

Our objective is to predict a D x 1 vector of targets, yrin, h-step ahead from a set of N predictor
variables z; with a sample of size T

We assume that z; follows a linear factor model, that is,

xy = Bf + Buwi + ug, (1)



where f; is a K X 1 vector of latent factors, wy is an M x 1 vector of observed variables, u; is an
N x 1 vector of idiosyncratic errors satisfying E(u;) = 0, E(fiu;) = 0, and E(wpu;) = 0. Without
loss of generality, we also impose that E(f;w}) = 0.

We assume that the target variables in y are related to x through factors f in a predictive model:

Yirh = O ft + QWi + Zeqp, (2)

where 2415 is a D x 1 vector of prediction errors.
Using the aforementioned notation, we can rewrite the above two equations in their matrix form

as

X =pF+ B ,W+U,
Y =aF +a,W +Z.

We now discuss assumptions that characterize the data generating processes (DGPs) of these
variables. For clarity of the presentation, we use high-level assumptions, which can easily be verified
by standard primitive conditions for i.i.d. or weakly dependent series. Our asymptotic analysis

assumes that N,T — oo, whereas h, K, D, and M are fixed constants.

Assumption 1. The factor F, the prediction error Z, and the observable regressor W, satisfy:

IT™EE — 4| <p T712, | Pllyax Sp (log D)2, [T WW! — Sy || <p T2,
[WE'|| <p T2, 0121l <o T2, (1 Zllyax Sp (Qog )2 ||ZE|| <p T2, | ZW/|| <p T2,

where Xy € REXK 5 e RMXM gre positive-definite matrices with A (S5) 2 1, Ay (Zw)
M (Bf) ST, and A (By) S 1.

>1’

~

Assumption 1 imposes rather weak conditions on the time series behavior of f;, z;, and w;. Since
all of them are finite dimensional time series, the imposed inequalities hold if these processes are
stationary, strong mixing, and satisfy sufficient moment conditions.

Moreover, Assumption 1 implies that the K left-singular values of F' neither vanish nor explode.
Therefore, it is the factor loadings that dictate the strength of factors in our setting. This is without
loss of generality because F' can always be normalized to satisfy this condition.

Next, we assume

Assumption 2. The N x K factor loading matrix 5 satisfies

HﬁHMAX S, )‘K(ﬁflg]ﬁ[fo]) 2 No,

1Otherwise, we can define }?t = fi — B(fow})E(wiw;) " w, and Buw = Buw + BE(frw})E(wiw;) ™', then E(ﬁw{) =0
and x; satisfies a similar equation to (1): z; = Bft + Bwwe + us.




for some index set Iy C [N], where Ny = |Iy| — oo.

Assumption 2 implies that there exists a subset, Iy, of predictors within which all latent factors
are pervasive. This is a much weaker condition than requiring factors to be pervasive in the set of
all predictors, in which case A\ ('8) < ... < Ag(B'8) < N. In contrast, Assumption 2 allows for
distinct growth rates for these eigenvalues, in that no requirement is imposed on 6[13}. Moreover,
these eigenvalues can grow at a slower rate than NV, since Ny/N is allowed to vanish very rapidly.
We will make precise statement about the relative magnitudes of these quantities when it comes to
our asymptotic results.

Since the number of factors, K, is assumed finite, even if each factor is pervasive in some separate
(and potentially non-overlapping) index set, it is possible to construct a common index set Iy within
which all factors are pervasive.”? Assumption 2, nevertheless, rules out a somewhat extreme case
where all entires of 3 are uniformly vanishing, i.e., sup; 7j_e0 [T~ Ak <6f1}6[11) = op(1), to the
extent that the desired subset Iy does not exist.

Next, we need the following moment conditions on U.

Assumption 3. The idiosyncratic component U satisfies:
U llyax Sp (log 1) + (log N)'/2.
In addition, for any given non-random subset I C [N],
Uil Se 11V + T2,

Assumption 3 imposes restrictions on the time-series dependence and heteroskedasticity of w;.
The first inequality is a direct result of a large deviation theorem, see, e.g., Fan et al. (2011). The
second inequality can be shown by random matrix theory, see Bai and Silverstein (2009), provided
that w; is i.i.d. both in time and in the cross-section. While it is tempting to impose a stronger
inequality that bounds sup;-n HU[[}H uniformly over all index sets of a given size |I|, the rate
|1]'/2 4+ T/? we desire may not hold. In fact, assuming |I| is small, Cai et al. (2021) establish a
uniform bound that differs from our non-uniform rate only by a log factor. When |I] is large, the
result on uniform bounds no longer exists to the best of our knowledge. We thereby avoid making
any assumption on uniform bound over all index sets.

For the same reason, we make the following moment conditions with any given non-random set

I. The conditions should hold under weak dependences among U, F, W, and f.

2To see a concrete example, suppose that 8 has a block diagonal structure, such that its kth column Sy is supported
on an index set Ji, and the intersection of all Jis is empty. Suppose the non-zero entries of S follow standard normal.
Then we can find k* := ming |Jk|, and build up Ip from Jgx (so that |Io| > |Ji+|) by arbitrarily adding |Jixx| number
of predictors from each Ji,k =1,2,..., K,k # k*. We can take a union of all such subsets of Ji. The resulting index
set Iy contains K X |Ji+| number of predictors, and all factors are pervasive within this common set.



Assumption 4. For any non-random subset I C [N], the factor loading By, and the idiosyncratic

error Uy satisfy the following conditions:

(i) U

<p [I['V2T2, HQ[I]A,HMAX <p (log N)'/2T'/2,

) |81 Uin| e 1117212,

sz]UmHMAX <p [1]'*(log T)"?,

(i) | Cur U 2| o 111+ 117272, |81y Ca) | S 121172,

BinUin 4| Se 1212772,

where A is either F, W or Z.

The f9-norm bounds in Assumption 4(i) and (ii) are results of Assumptions D, F2, F3 of Bai
(2003) when I = [N], and Assumption 4(iii) is implied by Assumptions A, E1, F1 and C3 in Bai
(2003), except that here we impose a stronger version which holds for any non-random subset I C [N].
The MAX-norm results can be shown by some large deviation theorem as in Fan et al. (2011).

Assumptions 2 and 3 are the key identification conditions of the weak factor model we consider.
It is helpful to compare these conditions with those spelled out by Chamberlain and Rothschild
(1983). We do not require that u; is stationary, but for the sake of comparison here, we assume that
the covariance matrix of w,; exists, denoted by ¥, and that 3, = 0. By model setup (1), we have
¥ := Cov(z¢) = X + Xy. Chamberlain and Rothschild (1983) show that the model is identified
if [|X4]] £ 1 and Ag(8'8) = N, which guarantees the separation of the common and idiosyncratic
components. Bai (2003) provides an alternative set of conditions (Assumption C therein) on the time-
series and cross-sectional dependence of the idiosyncratic components that ensure the consistency of
PCA, but also in the case of pervasive factors.

In fact, PCA can separate the factor and idiosyncratic components from the sample covari-
ance matrix under much weaker conditions. To see this, note that from (1) and 3, = 0, we have
XX =pBFF B +UU +BFU' +UF'f. Using random matrix theory from Bai and Silverstein (2009),
MUU") <p T+ N, if uy isiid. with [|X,]] S 1. Since TAg(8'8) <p Ak (BFF’'[’) and because of the
weak dependence between U and F' as in Assumption 4, the eigenvalues corresponding to the factor
component 3FF’" dominate the three remainder terms that are related to the idiosyncratic compo-
nent U asymptotically, if (T'+ N)/(TAk(8'8)) — 0, enabling the factor components to be identified
from X X’. Wang and Fan (2017) and Bai and Ng (2021) study the setting N/(T g (5'3)) — 0, in
which case PCA remains consistent despite the fact that factor exposures are not pervasive. Wang
and Fan (2017) also study the borderline case N =< TAx(f'8), and document a bias term in the
estimated eigenvalues and eigenvectors associated with factors.

In this paper, we consider an even weaker factor setting in which N/(T Ak (5'3)) may diverge.
In this case, PCA generally fails to recover the underlying factors (unless errors are homoscedastic).
We will require, instead, the existence of a subset Iy C [Ny], for which |IO\/(T)\K(6fIO]6[[O])) — 0, to

ensure the identification of factors on this subset.” In what follows, we introduce our methodology

3The aforementioned settings all require Ax(8’8) — oo, in contrast with the extremely weak factor model that



to deal with this case.

2.3 Prediction via Supervised Principal Components

One potential solution to the weak factor problem was proposed by Bair and Tibshirani (2004),
namely, supervised principal component analysis. Their proposal is to locate a subset, 1, , of predictors
via marginal screening, keeping only those that have nontrivial exposure to the prediction target,
before applying PCA. Intuitively, this procedure reduces the total number of predictors from N to
m, while under certain assumptions it also guarantees that this subset of predictors has a strong

/

factor structure, i.e., Apin( a ﬂm) = |I|. As a result, applying PCA on this subset leads to consistent
recovery of factors.

We use a simple one factor example to illustrate the procedure, before explaining its caveats with
the general multi-factor case. To illustrate the idea, we consider the case in which D = K = 1,

oy = 0, and B, = 0. We select a subset T that satisfies:

where ¢ is some threshold. Therefore, we keep predictors that covary sufficiently strongly (positively
or negatively) with the target. This step involves a single tuning parameter, ¢, that effectively deter-
mines how many predictors we use to extract the factor. The fact that I incorporates information
from the target reflects the distinctive nature of a supervised procedure. Given the existence of Iy
by Assumption 2, there exists a choice of ¢ such that predictors within the set T have a strong factor
structure. The rest of the procedure is a straightforward application of the principal component
regression for prediction. Specifically, we apply PCA to extract factors {ﬁ}fz_lh from X ak which
can be written as ﬁ = E’ x¢ for some loading matrix E , then obtain & by regressing {yt}thl 45, onto
{ft}tT:]h based on the predictive model (2). The resulting predictor for yr., is therefore given by:
Uren = afr = al'r.

Bair et al. (2006)’s proposal proceeds in the same way when it comes to multiple factors, with
the only exception that multiple factors are extracted in the PCA step. Yet, to ensure that marginal
screening remains valid in the multi-factor setting, they assume that predictors are marginally cor-
related with the target if and only if they belong to a uniquely determined subset Iy, outside which
predictors are assumed to have zero correlations with the prediction target, i.e., they are pure noise
for prediction purpose. Given this condition, they show marginal screening can consistently recover
Iy, and all factors can thereby be extracted altogether with a single pass of PCA to this subset of
predictors.

In contrast, we assume the existence of a set Iy within which predictors have a strong factor

imposes Ax(8'8) S 1. As such, eigenvalues of factors and idiosyncratic components do not diverge as dimension
increases. While Onatski (2009) and Onatski (2010) develop tests for the number of factors, Onatski (2012) shows that
factors cannot be consistently recovered in this regime.



structure, yet we do not make any assumptions on the correlation between the target and predictors
outside this set Iy, nor on the strength of their factor structure. As a result, Iy under our Assumption
2 needs not be unique, and we will show that the validity of the prediction procedure does not rely
on consistent recovery of any pre-determined set [y. More importantly, since marginal screening
is based on marginal covariances between Y and X, in a multi-factor model the condition that
marginal screening can recover a subset within which all factors are pervasive (even if such a subset
is uniquely defined as in Bair et al. (2006)) is rather strong. On the one hand, marginal screening
can be misguided by the correlation induced by a strong factor to the extent that weak factors after
screening remain unidentifiable. On the other hand, predictors eliminated by marginal screening
can be instrumental or even essential for prediction. We illustrate these points using examples of

two-factor models below.

ExaMPLE 1: Suppose x; and y; satisfy the following dynamics:

611 /312

T = Jttue,  Yopn = { 11 } fts (4)

where 11 and f12 are Ny x 1 vectors, (321 is an (N — Ny) x 1 vector, satisfying ||S12|| < N&/2 and
|Bat]| = (N — No)'/2, and Ny is small relative to N.

In this example, the first factor is strong (all predictors are exposed to it) while the second factor
is weak, since most exposures to it are zero. In addition, the target variable y is correlated with both
factors and hence potentially with all predictors. As a result, the screening step described above may
not eliminate any predictors: all predictors may correlate with the target (through the first factor).
But because the second factor is weak, a single pass of PCA, extracting two factors from the entire
universe of predictors, would fail to recover it: we can show that Amin(3'8) < ||B12]*> < No, so that
PCA would not recover the second factor consistently if N/(NyT') does not vanish.

The issue highlighted with this example is that the (single) screening step does not eliminate
any predictors, because their correlations with the target are (at least partially) induced by their
exposure to the strong factor, and therefore PCA after screening cannot recover the weak factor. The
assumptions proposed by Bair et al. (2006) rule this case out, but we can clearly locate an index set
Iy (say, top Ny predictors), within which both factors are strong. In other words, our assumptions
can accommodate this case.

We provide next another example, that shows that in some situations screening can eliminate too

many predictors, making a strong factor model become weak or even rank-deficient.
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EXAMPLE 2: Suppose x; and y; satisfy the following dynamics:

511 611

Ty = 0 | m fr + e, Yt+h = [ 1 0 } ft, (5)

where (11 and 22 are N/2 x 1 non-zero vectors satisfying ||511]| =< ||S22]] < VN and fi; and fo are

uncorrelated.

In this example, there are two equal-sized groups of predictors, so that 3 is full-rank and both
factors are strong and that Iy can be the entire set [IV] (therefore, a standard PCA procedure applied
to all predictors will consistently recover both factors). But two features of this model will make
supervised PCA fail, if the selection step based on marginal correlations is applied only once (as
in the original procedure by Bair et al. (2006)). First, ;45 is uncorrelated with the second half of
predictors (since only the first group is useful for prediction). Second, the exposure of the first half
of predictors to the first and second factors are the same (both equal to f11).

After the screening step the second group of predictors would be eliminated, because they do
not marginally correlate with y;15. But the remaining predictors (the first half) have perfectly
correlated exposures to both factors, so that only one factor, fi; + for, can be recovered by PCA.
Therefore, the one-step supervised PCA of Bair et al. (2006) would fail to recover the factor space
consistently, resulting in inconsistent prediction. This example highlights an important point that
marginally uncorrelated predictors (the second half) could be essential in recovering the factor space.
Eliminating such predictors may lead to inconsistency in prediction.

Both examples demonstrate the failure of a one-step supervised PCA procedure in a general
multi-factor setting. Such data generating processes are excluded by the model assumptions in Bair
et al. (2006), whereas we do not rule them out. We thus propose below a new and more complete

version of the supervised PCA (SPCA) procedure that can accommodate such cases.

2.4 Iterative Screening and Projection

To resolve the issue of weak factors in a general multi-factor setting, we propose a multi-step proce-
dure that iteratively conducts selection and projection. The projection step eliminates the influence
of the estimated factor, which ensures the success of the screening steps that occur over the following
iterations. More specifically, a screening step can help identify one strong factor from a selected
subset of predictors. Once we have recovered this factor, we project all predictors x; (not just those
selected at the first step) and y;4p, onto this factor, so that their residuals will not be correlated with
this factor. Then we can repeat the same selection procedure with these residuals. This approach

enables a continued discovery of factors, and guarantees that each new factor is orthogonal to the

11



estimated factors in the previous steps, similar to the standard PCA.

It is straightforward to verify that this iterative screening and projection approach successfully
addresses the issues with the aforementioned examples. Consider first Example 1. In this case,
the first screening does not rule out any predictor, and the first PC will recover the strong factor
f1; after projecting both X and y onto fi, the residuals for the first Ny predictors still load on
fo, whereas the remaining N — N predictors should have zero correlation with the residuals of y.
Therefore, a second screening will eliminate these predictors, paving the way for PCA to recover the
second factor fy based on the residuals of the first Ny predictors. Similarly, for Example 2, the first
screening step eliminates the second half of the predictors, so that the first pass of PCA will recover
the only factor left over in the remaining predictors, namely, fi + fo. The residuals of the first half
of predictors consist of pure noise after the projection step, whereas the residuals of the second half
of predictors are spanned by f; — f2, which a second PCA step will recover. Therefore, the iterated
supervised PCA will recover the entire factor space. This example illustrates that marginal screening
can succeed as long as iteration and projection are also employed.

Formally, we present our algorithm for the general model given by (1) and (2):

Algorithm 1 (Prediction via SPCA).
Inputs: Y, X, W, x7, and wy. Initialization: Yo = ?ME“ X1y == XMy

S1. For k =1,2,... iterale the following steps using X ) and Y(y):

a. Select an appropriate subset fk C [N] via marginal screening.
b. Estimate the kth factor E(k) = é\(fk) (X(k))[m via SVD, where €(k) s the first left sin-

gular wvector of (X(k)) E(k) can also be rewritten as E(k) = Zék)XME/? where

[Tk]"
~ ! —~
Sy = (]IN — Z;:ll ﬂ(l’)Qi))ﬁ | S(k) s constructed recursively using B(;—1) (defined in c.).
k
. . ~ ~/ -~ ~/ _ ~ ~/ ~ —~/ _
c. Estimate the coefficients a(ry = Y(u F iy (F ) E 1) ™" and By = X o) E oy (E iy E ) L

d. Obtain residuals Y1) = Y(x) — &(k)E(k) and X g1y = Xx) — B(k)ﬁ(k).
Stop at k = I?, where K is chosen based on some proper stopping rule.

S2. Obtain fr = a(xT - Ewa), where = (6(1),...,6([?)) and By = XW'(WW')~L, and the
prediction §ryp = afr + Qwwr = Jor + (@w — ABu)wr, where & = (@), A28 7);
3 =al, and @, = YW (WW')~L.

Outputs: the prediction Ypyp, the factorsE = (El(l), . ,El(f())’, their loadings, E = (3(1)7 .. ,E(f()),
and the coefficient estimates @, Z, O, B\w, and 7.

We discuss the details of the algorithm below.
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Step S1. of Algorithm 1 requires an appropriate choice of 7 r and a stopping rule. One possible
choice for fk is:*
T _ ! ~(k)
o= (i oy a2 5

where ’Cf]’]“\)] is the (1 — g)th-quantile of {Tfl H(X(k))[ﬂy(/k) ©

HMAX}z':L...,N'

The reason we suggest using the top ¢/N predictors based on the magnitude of the covariances
between X () and Y{3) is that the factor estimates tend to be more stable and less sensitive to this
tuning parameter ¢, compared to a conventional hard threshold parameter adopted in a marginal
screening procedure. Moreover, at each step, a subset of a fired number of predictors are selected,
which substantially simplifies the notation and the proof.

Correspondingly, the algorithm terminates as soon as
52’?1) < ¢, for some threshold c. (7)

Thus, the resulting number of factors is set as K=k Asa result, the tuning parameter, ¢, effectively
determines the number of factors extracted out of our procedure.

For any given tuning parameters, ¢ and ¢, we select predictors that have predictive power for (at
least one variable in) y;.p, at each stage of the iteration. With a good choice of tuning parameters, ¢
and ¢, the iteration stops as soon as most of the rows of the projected residuals of predictors appear
uncorrelated with the projected residuals of .y, which implies that the factors left over, if any, are
uncorrelated with y;yp.

The last step of the algorithm needs more explanations. Step S1. provides a set of factor
estimates, E , on the basis of Y and X. Moreover, a time series regression of Y’ 01_113 and W yields an
estimator of v, (coefficient defined in (2)). That is, Q,, = YMTHW/ (WMﬁ/W’ ) =YW WWw')-1,
since Mz W' = W' by construction, which explains the formula for &y, in Step S2.. Finally, with &,
Qo andifT, it is sufficient to construct the predicted value of y7,, by combining &J‘A'T with a,wr,

which yields the final prediction formula for yr., a projection on observables, z7 and wrp.

3 Asymptotic Theory

We now examine the asymptotic properties of SPCA. The analysis is more involved than those of
Bair et al. (2006) because of the iterative nature of our new SPCA procedure and the general weak

factor setting we consider.

4Using covariance for screening allows us to replace all Y(x) in the definition of I, and Algorithm 1 by Y(y), that
is, only the projection of X(;) is needed, because this replacement would not affect the covariance between Y{;) and
X (k). We use this fact in the proofs, which simplifies the notation. We can also use correlation instead of covariance
in constructing fk, which does not affect the asymptotic analysis. That said, we find correlation screening performs
better in finite samples when the scale of the predictors differs.
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3.1 Consistency in Prediction

To establish the consistency of SPCA for prediction, we first investigate the consistency of factor
estimation. In the strong factor case, e.g., Stock and Watson (2002), all factors are recovered
consistently via PCA, which is a prerequisite for the consistency of prediction. In our setup of weak
factors, we show that the consistency of prediction only relies on consistent recovery of factors that
are relevant for the prediction target.

Recall that in Algorithm 1, we denote the selected subsets in the SPCA procedure as fk, k=
1,2,.... We now construct their population counterparts iteratively, for any given choice of ¢ and
g. This step is critical to characterize the exact factor space recovered by SPCA. For simplicity in
notation and without loss of generality, we consider the case ¥y = Ix here, because in the general

case, we can simply replace 8 and a by §* = BZ}/ 2 and o = aX¥? in the following construction.

In detail, we start with al(l) = Hﬁma’HMAX and define I; := {i\agl) > c((;\),}, where cé% is the
|gN |th largest value in {al(l)}'_l . Then, we denote the largest singular value of f(1) := S
by )\21/)2 and the corresponding left and right singular vectors by ¢y and b(;). For k > 1, we obtain

(k) ._ — L1, (k) (k) 1/2 : :
a;’ = Hﬁm Hj<k Mb(”a/HMAX’ I, = {ila; " > ch}, and )‘(k)’ S(k)> bk are the leading singular

value, left and right singular vectors of By := Bz l_[j <k My, This procedure is stopped at step
K (for some K that is not necessarily equal to K or K ) if c((1§+1) < c¢. In a nutshell, I’s are what
we will select if we do SPCA directly on 8 € RV*E and o € RP*X and they are deterministically
defined by «, 3,3, ¢, q, and N, whereas E.C’S are random, obtained by SPCA on X € RN¥*T and
Y € RPXT,

To ensure that the singular vectors b;)’s are well defined and identifiable, we need that the top
two singular values of 3 are distinct at each stage k. We also need distinct values of cé’j\), to ensure
that Ip’s are identifiable. More precisely, we say that two sequences of variables ay and by are
asymptotically distinct if there exists a constant § > 0 such that ay < (1 +6)"'by. In light of the

above discussion, we make the following assumption:

Assumption 5. For any given k, the following three pairs of sequences of variables, o1(B)) and

(k) (k) (K+1)

o2(Bw))s CN and CyN+10 and ¢, and c are asymptotically distinct, as N — oo.

This assumption is rather mild as it only rules out corner cases, despite the fact that this is not
very explicit. Excluding such corner cases is common in the literature on high dimensional PCA,
see, e.g., Assumption 2.1 of Wang and Fan (2017). We now are ready to present the consistency of
the estimated factors by SPCA:

Theorem 1. Suppose that x; follows (1) and y; satisfies (2), and that Assumptions 1-5 hold. If
log(NT)(N(;1 + T~ = 0, then for any tuning parameters ¢ and q that satisfy

c—=0, ¢ YogNT)?(q\PN"V2 41712 50, ¢N/Ny— 0, (8)
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we have K < K, P(IAk =1) =1, forany 1 < k < K, and P(IA( = K) — 1. Moreover, the factors
recovered by SPCA are consistent. That is, for any 1 < k < K,

~

Hﬁm Hil HE(m ~EPp| Spq ANV 4T 9)

We make a few observations regarding this result. First, the assumptions in Theorem 1 do not
guarantee a consistent estimate of the number of factors, K, because the SPCA procedure cannot
guarantee to recover factors that are uninformative about y. At the same time, the factors recovered
by SPCA are not necessarily useful for prediction, because it is possible that some strong factors
with no predictive power are also recovered by SPCA. Ultimately, the factor space recoverable is
determined by 3, o, ¥¢, ¢, ¢, and N. For this reason, we have consistency of factor estimates up to
the first K factors. Moreover, K is a consistent estimator of K , which we prove satisfies K < K.
That is, SPCA omits K — K factors. Also, the inequality (9) has a clear geometric interpretation.
The left-hand-side is exactly equal to sin(@(k)), where (:)(k;) is the angle between the estimated factor
at each stage k and the factor space spanned by the true factors, Pgpr. (9) shows that this angle
vanishes asymptotically.

Second, with respect to the tuning parameters, the condition (8) implies that ¢ — 0, ¢v/T — oo,
and ¢y/gN — oco. On the one hand, the threshold ¢ needs be sufficiently small so that the iteration
procedure continues until selected predictors have asymptotically vanishing predictive power; on
the other hand, ¢ needs be large enough that dominates error in the covariance estimates from
the screening step. The estimation error consists of the usual error in the construction of the

172 as well as the

sample covariances between X1y and Y(y), which introduces an error of order 7™
construction of residuals in the projection step, X () and Y(y), for k > 1, as soon as multiple factors
are involved (i.e., K > 1). As we show next, the factor estimation error is of order (¢N)~'/2 + 71,
which pollutes the residuals and hence affects screening. Taking these two points into consideration,
the choice of ¢ needs dominate T-/2 4 (¢N)~/2. In terms of g, it appears that the maximal number
of selected predictors, |gN |, allowed for should be of the same order as Ny. Nevertheless, since Ny
given by Assumption 2 is not precisely defined, in the sense that the assumption holds if Ny is scaled
by any non-zero constant, we require ¢N/Ny — 0 to ensure that the scaling constant of Ny does
not matter for the choice of ¢ and that the selected |gN | predictors are within the subset of Ny
predictors that guarantee a strong factor structure.

Third, the estimation error of factors are bounded from the above by ¢~ V/2N—1/2 4 T—1  Recall
that in the strong factor case, the factor space can be recovered at the rate of N~%/2 4+ 71 see,
e.g., Bai (2003). In our result, ¢N plays the same role as N in the strong factor case. Nevertheless,
our Assumption 2 does not require all factors to have the same strength. It is possible that some
factors could be recovered with a higher convergence rate, should we select a different number of
predictors for each factor based on its strength. In fact, an alternative choice of I, based on (3)

allows different numbers of predictors to be selected at each stage, since the threshold itself is a fixed
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level. While this approach may achieve a faster rate for relatively stronger factors, the prediction
error rate is ultimately determined by the estimation error of the weakest factor. Yet, we find that
the approach based on (6) offers more stable prediction out of sample, whereas prediction based
on (3) can be sensitive to the tuning parameters. Given that our ultimate goal is about prediction
rather than factor recovery, we prefer a more stable procedure and thereby focus our analysis on the
former approach.

With no relevant factors omitted, our prediction yryp, is consistent, as we show next.

Theorem 2. Under the same assumptions as in Theorem 1, we have diy, — oy, N 0, |78 — «fl N 0,

and consequently, Yyrip xr, Er(yrin) = afr + aywr.

Theorem 2 first analyzes the parameter estimation “error” measured as a.,, — a,, and 78 — a.
The reason the latter quantity matters is that there exists a matrix H such that 43 = aH. In other
words, the first statement of the theorem implies that we can consistently estimate «, up to a matrix
H. This extra adjustment matrix H exists due to the fundamental indeterminacy of latent factor
models. In fact, we can define H € REXK a5 Z’ B, where Eis given by Algorithm 1. Then, it is
straightforward to see from the definition of 4 that

48 = aH, so that by Theorem 2  |[aH — «f = op(1). (10)
On the other hand, the proof of Theorem 1 also establishes that for k < K:
~ -1~
HE(k)H HE(/@) - thH Seq ANTVE T (11)
. = by(11) by (10) . i~
where hy, is the kth row of H. Therefore, aF '~ aHF "~ ol which, together with QG — ay =
op(1), leads to the consistency of prediction.
The consistency result in Theorem 2 does not require a full recovery of all factors. In other words,
K is not necessarily equal to K. On the one hand, factors omitted by SPCA are guaranteed to be
uncorrelated with yy15; on the other hand, some factors not useful for prediction may be recovered
by SPCA. Obviously, missing any uncorrelated factors or having extra useless factors (for prediction
purposes) do not affect the consistency of yrp.
Moreover, this result does not rely on normally distributed error nor on the assumption that all
factors share the same strength with respect to all predictors. The assumption on the relative size of

N and T is also quite flexible, in contrast with existing results in the literature in which N cannot

grow faster than a certain polynomial rate of T', e.g., Bai and Ng (2021), Huang et al. (2021).

3.2 Recovery of All Factors

In this section we develop the asymptotic distribution of g7, from Algorithm 1. Not surprisingly,

the conditions in Theorem 2 are inadequate to guarantee that Y4, converges to Ex(yrin) at the
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—1/2

desirable rate T’ . The major obstacle lies in the recovery of all factors, which we will illustrate

with a one-factor example.

ExXAaMPLE 3: Suppose that z; follows a single-factor model with sparse 3:

B

T = 0 ft+ue,  Yern = afi + zign,

where f; is the first Ny entries of g with ||81]] < Né/Q and a < T~1/2,

Recall that we use the sample covariance between z; and y.;y, to screen predictors. Even if
Ye+n is independent of z;, their sample covariance can be as large as -1/ 2(log N )1/ 2. Therefore,
the threshold ¢ needs be strictly greater than 7—/2(log N)!/2 to control Type I error in screening.
However, the signal-to-noise ratio in this example is rather low, i.e., @ = T~1/2 that is, Yerh 18
not too different from random noise. Consequently, screening will terminate right away because the

1/2 < ¢, which in turn leads to no

covariances between y;45 and z; are at best of order T'/2(log N)
discovery of factors. Our procedure thereby gives yr., = 0, which is certainly consistent as the bias
|E7(yr4n) — 0] < T~Y/2, but the usual central limit theorem (CLT) fails.

Generally speaking, this issue arises because of the potential failure to recover all factors in the
DGP. As long as all factors are found, the bias is negligible and the central limit theorem holds
regardless of the magnitude of a. So to go beyond consistency and make valid inference we need a
stronger assumption that rules out cases like this, in order to insure against a higher order omitted
factor bias that impedes the CLT even if it does not affect consistency. It turns out that as long as
o € RP*E gatisfies Apin(a’a) 2 1, we can rule out the possibility of missing factors asymptotically.
On the one hand, in this case the dimension of target variables, D, must be no smaller than the
dimension of the factors, K; and for each factor there exist at least one target variable in y that is
correlated with the factor; together they guarantee that no factors would be omitted. On the other
hand, our algorithm will not select more factors than needed asymptotically, because the iteration is
terminated as soon as all covariances vanish. With a consistent estimator of the number of factors,
we can recover the factor space as well as conduct inference on the prediction targets.

The inference theory on strong factor models also relies on a consistent estimator of the count
of (strong) factors, e.g., Bai and Ng (2006). Our assumptions here are substantially weaker than
the pervasive factor assumption adopted in the literature. That said, in a finite sample, a perfect
recovery of the number of factors may be a stretch. In Section 3.4, we show that our version of the
PCA regression is more robust than the procedure of Stock and Watson (2002) with respect to the
error due to overestimating the number of factors. We also provide simulation evidence on the finite

sample performance of our estimator of the number of factors.
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The next theorem summarizes a set of stronger asymptotic results under conditions that guarantee

perfect recovery of all factors:

Theorem 3. Under the same assumptions as Theorem 2, if we further have Apin(o/a) = 1, then for

any tuning parameters ¢ and q in (6) and (7) satisfying
c— 0, c_l(log]\7T)1/2(q_1/2]\7_1/2 + T_1/2) — 0, ¢N/Ny—0,
we have
(i) K defined in Algorithm 1 satisfies: P(K = K)—1.

(i) The factor space is consistently recovered in the sense that

e -

— Op (q—1/2N—1/2 n T—l) '
(iii) The estimator 4 constructed via Algorithm 1 satisfies
H% ~a-T'ZE's}! H =Op(¢ 'N~'+T7).

Theorem 3 extends the strong factor case of Bai and Ng (2002) and Bai (2003). In particular,
(i) shows that our procedure can recover the true number of factors asymptotically, which extends
Bai and Ng (2002) to the case of weak factors. Combining this result with Theorem 1(i) suggests
that K = K under the strengthened set of assumptions. We thereby do not need distinguish K with
K below. Our setting is distinct from that of Onatski (2010), and as a result we can also recover
the space spanned by weak factors, as shown by (ii). This result also suggests that the convergence
rate for factor estimation is of order (¢N )1/ 2 AT, as opposed to N2 AT given by Theorem 1 of Bai
(2003). (iii) extends the result of Theorem 2, replacing the target a by o + T~ ZF’ E;l. Note that
the latter is precisely a regression estimator of « if F' were observable. (iii) thereby points out that

the error due to latent factor estimation is no larger than Op (¢ !N~! +T71).

3.3 Inference on the Prediction Target

In the case without observable regressors w, the prediction error can be written as yr., —Er(yripn) =
(38 — ) fr + Jur, where the second term Jug is of order (¢N)~'/2. In light of Theorem 3(iii), if
¢ 'N~'T — 0, then the second term is asymptotically negligible (i.e., op(T~/?)) compared to the
first term, (38 —a) fr =T~ ' ZF ’Z;l fr+Op(T™1), in which case we can achieve root-T' inference on
Er(yrin). Nevertheless, we strive to achieve a better approximation to the finite sample performance
by taking into account both terms of the prediction error altogether, without imposing additional
restriction on the relative magnitude of gN and T.

To do so, we impose the following assumption:
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Assumption 6. As N,T — oo, T-V2ZF', T-YV2ZW', and (¢N)~?Qur are jointly asymptotically

normally distributed, satisfying:

vec(T~/2ZF) 0 My Iz 0
vee(T2Zw") | LN | |o| = |, mm o ||,
(gN) =2 Wur 0 0 0 Iy

where ¥ is a K x N matrix whose kth row is equal to b,(k)ﬁflk] (In)(r,) and b,y is the first right singular
vector of Buy = By, Hj<k M, as defined in Section 3.1.

Assumption 6 characterizes the joint asymptotic distribution of ZF’, ZW’ and Wuz. For the first
two components, as the dimensions of these random processes are finite, this CLT is a direct result
of a large-T' central limit theory for mixing processes. With respect to Wurp, its large-IN asymptotic
distribution is assumed normal, asymptotically independent of the distribution of the other two
components. This holds trivially if u;7’s are cross-sectionally i.i.d., independent of z;, w¢, and f; for
t < T, so that the kth row of Wur, b/(k)ﬁffk](uT)[Ik]’ is a weighted average of u;r for i € I. The
convergence rate (qN)/? for Wuyp arises naturally because |I,| = ¢N.

Before we present the CLT next, we need define a K x K matrix = (w1,...,wx) with w; = €;
and w, = e} — Zi.:ll A&)lb’(k),é’[’lk]ﬂ[lk]b(i)wi, where ej, is a K-dimensional unit vector with 1 on the

kth entry and 0 elsewhere.

Theorem 4. Suppose the same assumptions as in Theorem 3 hold. If in addition, Assumption 6

holds, we have
“V2(Grg, — 4 N (0,1
O *(Yrin — Er(yrsn)) — N(0,1p),
where ® = T 1®1 4+ ¢ ' N~1®y and ®1 and $o are given by

M1 1o

Py = ((f’T,w’T)E},L ®JID) ( ) ) (Z;;(f’T,w’T)’MD),
I, Iloo

dy = aB(A/qN) 1 33Q(A/gN) " B'd/,

I1;; is specified by Assumption 0, X5, = diag(Xy, ¥y), A = diag(Ay, .-, \(k)), and B is a K x K
matriz whose kth column is given by b(yy, where )\%2 is the largest singular value of By and by, is

the corresponding right singular vector as defined in Section 5.1.

The convergence rate of ., depends on the relative magnitudes of T" and ¢N. For inference, we
need construct estimators for each component of ®; and ®5. Estimating ®; is straightforward based
on its sample analog, constructed from the outputs of Algorithm 1. Estimating ®, is more involved,

in that IIs3 depends on the large covariance matrix of ur. We leave the details to the appendix.
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Algorithm 1 (Step S2.) makes predictions by exploiting the projection of yr4; onto xp and wr,
with loadings given by v and o, — 78,. This is convenient and easily extendable out of sample, as
both x7 and wr are directly observable, unlike latent factors. The next section investigates potential
issues with plain PCA and PLS, as well as an alternative algorithm based on Stock and Watson

(2002), which does not involve the projection parameter ~.

3.4 Alternative Procedures

In this section, we at first discuss the failure of PCA and PLS in the presence of weak factors. To

illustrate the issue, it is sufficient to consider a one-factor model example:

EXAMPLE 4: Suppose that x; follows a single-factor model with sparse 3:

B

ft +ue,  Yepn = afy,

3
I

where f3; is the first Ny entries of 8 with || 81| < Nol/Q. Moreover, f; <y N(0,1) and U = €A, where
e is an N x T matrix with i.i.d. A(0,1) entries and A is a T x T matrix satisfying [|A] < 1.
3.4.1 Principal Component Regression

Formally, we present the algorithm below:

Algorithm 2 (PCA Regression).
Inputs: Y, X, W, xr, and wr.
S1. Apply SVD on XMy and obtain the estimated factors EPCA = XMy, where
RNXE gre the first K left singular vectors of XMyy.  Estimate the coefficients

.~/ ~ ~/ —1
YEpca (EpeaFpca) -

S
a

S2. Obtain 7 = a< and output the prediction g/]j]ff;? = Axp + (Qy — ﬁﬁw)wT, where Q, =

YW WW)™! and By = XW' (WW')~1
Outputs: ﬂ;f;?, EPCA: Q, Oy, Bw, and 7.

Proposition 1. In Ezample J, suppose that N/(NoT) — § > 0 and ||| — oo and define M as
M =T 'F'F+5§AY Ay, where Ay is the first T —h columns of A. Then, if the two leading eignvalues
of M are distinct in the sense that (A (M)—X2(M))/ (M) Zp 1, the estimated factor EPC’A satisfies
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where npca is the first eigenvector of M. In the special case that Ay A1 = Ip_yp, it satisfies that

—Pp|[ 0.

P
[P....

Proposition 1 first shows that even if the number of factors is known to be 1, the factor estimated
by PCA is in general inconsistent, because the eigenvector npc4 deviates from that of T-'F'F,
as the latter is polluted by A. In the special case where error is homoskedastic and has no serial
correlation, i.e., AjA; = Ip_j, the estimated factor becomes consistent, in that 60A]A; in M does
not change the eigenvectors of T~1F'F. This result echoes a similar result in Section 4 of Bai (2003),
who established the consistency of factors with homoskedasticity and serially independent error even
when T is fixed. That said, while factors can be estimated consistently in this special case, the

prediction of yry, based on Algorithm 2 is not consistent.

Proposition 2. Under the same assumptions as in Proposition 1, if we further assume Ay A1 = Ip_p,

then we have j];f,‘:‘ N (14 8)YEr(yrin).

The reason behind the inconsistency is that even though F' pca, (effectively the right singular
vector of X)) is consistent in the special case, the left singular vector, ¢ and the singular values are
not consistent, which lead to a biased prediction. This result demonstrates the limitation of PC

regressions in the presence of weak factor structure.

3.4.2 Partial Least Squares

PCA is an unsupervised approach, in that the PCs are obtained without any information from the
prediction target. Therefore, it might be misled by large idiosyncratic errors in x; when the signal
is not sufficiently strong. In contrast with PCA, partial least squares (PLS) is another supervised
technique for prediction, which has been shown to work better than PCA in other settings, see,
e.g., Kelly and Pruitt (2013). Unlike PCA, PLS uses the information of the response variable when
estimating factors. Ahn and Bae (2022) develop its asymptotic properties for prediction in the case
of strong factors. We now investigate its asymptotic performance in the same setting above.

The PLS regression algorithm is formulated below:

Algorithm 3 (PLS). The estimator proceeds as follows:
Inputs: Y, X, W, x7, and wr. Initialization: Yo = ?MK” X1y == XMy

S1. For k=1,2,---, K, repeat the following steps using X ).

a. Obtain the weight vector iy from the largest left singular vector of X(k)Y(/k).
b. Estimate the kth factor as E(k) = Qk)X(k)'

. . ~ ~/ ~ -1 ~ —~ ~ -1
c. Estimate coefficients oy = Yy F ) <F(k)E(k)) and By = Xy E x) (F(k)E(k)> .
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e. Remowve E(ﬁ) to obtain residuals for the next step: X(x11) = Xu) — ,é’\(k)E(k) and Y(p41) =
Yiw) = QL -

S2. Obtain 7 = a<’ and the prediction g’jffﬁ =Jzr + (G — ﬁgw)wr_p, where Qy, = YW/ (WW')~!
and By = XW/'(WW')~1.
o~ A =~/ =~/ ~ o~ I~ ~
O’U’tPUtS: y;ﬁga EPLS = (E(l)a o 7E([/(\'))/} @, Oy, BUH a’nd -
The PLS estimator has a closed-form formula if Y is a 1 x T" vector and a single factor model is
estimated (K = 1):

gL = VX' X| Y X XYY X 2,

While the PLS procedure is intuitively appealing, the next propositions show that this approach

produces biased prediction results in the presence of weak factors.

Proposition 3. In Example 4, suppose that N/(NoT) — § > 0 and ||B|| — oo, then the estimated
factor EPLS satisfies

.0
npPLs Y

‘IP’A/ _P

Fprs

where nprs = (Ip—_p, + A1 A1) F'. In the special case that AY Ay = Ir_y, it satisfies

.o

P — P
H Fprs L

Proposition 4. Under the assumptions of Proposition 3, if we further assume that AjA; = Ip_p,

then we have Jhty N (14 8)YEr(yrin).

Therefore, the consistency of the PLS factor also depends on the homoskedasticity assumption
AL Ay = Tp_p and the forecasting performance of PLS regression is similar to PCA in our weak factor
setting. The reason is that the information about the covariance between X and Y used by PLS
is dominated by the noise component of X, hence PLS does not resolve the issue of weak factors,
despite it being a supervised predictor.

Finally, before we conclude the analysis on PLS, we demonstrate a potential issue of PLS due to
“overfitting.” It turns out that PLS can severely overfit the in-sample data and perform badly out
of sample, because PLS overuses information on y to construct its predictor. We illustrate this issue

with the following example:

EXAMPLE 5: Suppose x; and y;1p follow a “O-factor” model:
Tt = Ut, Yt+h = Zt+h,
where ws follow i.i.d. AV(0,Iy) and zs follow i.i.d. N (0,1).
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Proposition 5. In Ezample 5, if we use K = 1, then we have @\%ﬁf;z >p N3/2TV2 )(N? 4+ T?) while
i];f;? <p 1/(NY2 4 TV2). Specifically, in the case of N < T, Z/\ITEE Zp 1 and g?jlfff <p N~1/2,

~

The conditional expectation of yryp is 0 in this example, but g’jITDJer can be bounded away from 0

when using more factors than necessary. In contrast, @\ITDE;:‘ remains consistent. The failure of PLS is
precisely due to that it selects a component in z that appears correlated with y, despite the fact that
there is no correlation between them in this DGP. While SPCA’s behavior is difficult to pin down in
this example, intuitively, it falls in between these two cases. When ¢ is very large, SPCA resembles
PCA as it uses a large number of predictors in z to obtain components. When ¢ is too small, SPCA
is prone to overfitting like PLS. With a good choice of g by cross-validation, SPCA can also avoid

overfitting.

3.4.3 PCA Regression of Stock and Watson (2002)

Stock and Watson (2002) adopt an alternative version of the PCA regression algorithm (hereafter
SW-PCA) to what we have presented in Algorithm 2. The key difference is that SW-PCA conducts
PCA on the entire X instead of X. Therefore, they can obtain ]?T directly from this step, instead of
reconstructing it using the estimated weights in-sample. While our focus is not on PCA, the PCA
algorithm is part of our SPCA procedure. Given the popularity of SW-PCA, we explain why we
prefer our version of PCA regression given by Algorithm 2.

Formally, we present their algorithm below:

Algorithm 4 (SW-PCA).
Inputs: Y, X, and W.

S1. Apply SVD on X, and obtain the estimated factors ﬁSW = J XMy, where G, € RVXE gre
the first K left singular vectorsl of X. Estimate the coefficients by time—iseries regression: o =
— ~/ ~ ~/ - 5 ~ X / AN
Y My Egw (ESWMw'ESW) Tand oy =Y My W <EMﬁ« W) :

=SwW =SwW

S2. Obtain the prediction ﬂ%‘fh = @fT + aypwr, where fT is the last column of Fsw and Gy =
YW (WW")~L.

Outputs: @\%‘jrvh, Fsw, @, and Q.

The advantage of SW-PCA is that the consistency of factors is sufficient for the consistency of
the prediction, unlike PCA as shown by Proposition 2. In other words, even though this is not true
in general, ﬂ%yh can be consistent in the special case A’A = Ip. Additionally, SW-PCA is more
efficient for factor estimation in that it uses the entire data matrices X and W.

Nevertheless, the negative side of the SW-PCA is that it can be unstable because it is more prone

to overfitting. We illustrated this issue using the example below.

5Unlike Algorithm 1, ESW is not orthogonal to W.
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EXAMPLE 6: Suppose x; and y;4p follow a “O-factor” model:

Tt = Uty Yt+h = Zt+h,

where ws are generated from mean zero normal distributions independently with Cov(u;) = Iy for

t < T and Var(ur) = (1 + €)Iy for some constant € > 0, and zs follow i.i.d. N(0,1).

Proposition 6. In Example 6, suppose that T/N — 0, if we use K =1, then we have Var(,@\%yh) —

~ P
oo and yff;? — 0.

Intuitively, SW-PCA uses in-sample estimates of the eigenvectors based on data up to T as
factors for prediction, whereas PCA uses out-of-sample estimates of the factors, constructed at time
T but based on weights estimated up to T'— h. Because of this, SW-PCA may suffer more from
“overfitting” compared to PCA, if the statistical properties of the data differ from T'—h to T'. Example
6 investigates the case with heteroskedastic ur in the scenario of overfitting K=1>K = 0, in
which case SW-PCA could perform rather wildly. This example appears contrived, but in practice
macroeconomic data are often heterogenous and the number of factors is difficult to pin down. Such

an issue is thereby relevant and we hence advocate Algorithms 2 for robustness.

3.5 Tuning Parameter Selection

Along with the gain in robustness to weak factors comes the cost of an extra tuning parameter. To
implement the SPCA estimator, we need to select two tuning parameters, ¢ and ¢. The parameter
q dictates the size of the subset used for PCA construction, whereas the parameter ¢ determines the
stopping rule, and in turn the number of factors, K. By comparison, PCA and PLS, effectively, only
require selecting K. We have established in Theorem 3 that we can consistently recover K, provided
q and c satisfy certain conditions.

In practice, we may as well directly tune K instead of ¢, given that K is more interpretable, that
K can only take integer values, and that the scree plot is informative about reasonable ranges of K.
With respect to ¢, a larger choice of ¢ renders the performance of SPCA resemble that of PCA, and
hence becomes less robust to weak factors. Smaller values of g elevate the risk of overfitting, because
the selected predictors are more prone to overfit y. We suggest tuning [¢/V] instead of ¢, because
the former can only take integer values, and that multiple choices of the latter may lead to the same
integer values of the former.

In our applications, we select tuning parameters based on 3-fold cross-validation that proceeds as
follows. We split the entire sample into 3 consecutive folds. Because of the time series dependence,
we do not create these folds randomly. We then use each of the three folds, in turn, for validation
while the other two are used for training. We select the optimal tuning parameters according to

the average R? in the validation folds. With these selected parameters, we refit the model using the
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entire data before making predictions. We conduct a thorough investigation of the effect of tuning

on the finite sample performance of all procedures below.

4 Simulations

In this section, we study the finite sample performance of our SPCA procedure using Monte Carlo
simulations.

Specifically, we consider a 3-factor DGP as given by equation (1) with two strong factors fis, for
and one potentially weak factor fs;. For strong factors fi; and fo:, we generate exposure to them
independently from N (0,1). To simulate a weak factor f3;, we generate exposure to it from a Gaus-
sian mixture distribution, drawing values with probability a from N(0,1) and 1 —a from N(0,0.1?).
The parameter a determines the strength of the third factor and it ranges from {0.5,0.1,0.05} in the
simulations.

Our aim is to predict yr41, or equivalently, estimate Ex(yr4+1) = afr + apwr, where w includes
an intercept term and a lagged term of y. We consider two DGPs for y. In the first scenario, we set
ayp = (0,0.2) and a = (0,0,1), i.e., yr41 = far + 0.2y + z441. Since y is a univariate target, there
is no guarantee that we can recover all factors. We thus examine the consistency of the prediction,
as shown in Theorem 2, on the basis of MSE and ||73 — af. In the second scenario, we examine
the quality of factor space recovery and inference. We thereby simulate a multivariate target with
a =13 and o, = (03x1,0.2[3), i.e., yi+1 = fir + 0.2ys + 2i 441, for i =1,2,3.

We generate realizations of fj;, z; independently from the standard normal distribution. To
generate u;, we first draw eys from AN(0,3) independently and construct the matrix A = ST,
where S is a (T'+ 1) x (T'+ 1) diagonal matrix with elements drawn from Unif(0.5,1.5) and T is a
(T +1) x (T'+ 1) rotation matrix drawn uniformly from a unit sphere. Therefore, u; as constructed
by U = €A features heteroskedasticity.

Table 1 compares the finite sample performance of SPCA, PCA, and PLS in the first scenario.
In both panels, the sample size is T' = 60,120, and around aN = 100 predictors have exposure to
the factor f3;. We simulate N = 200 (a = 0.5) predictors in the upper panel, so that fs; is exposed
to half of them and is thereby strong, and set N = 2,000 (a = 0.05) in the lower panel, where f3;
becomes much weaker due to the large number of predictors that do not load on it.

To highlight the sensitivity of all estimators to the number of factors, we separately report results
for each choice of K from 1 to 5 (not tuned), while only selecting the other tuning parameter ¢ for
SPCA via cross-validation. We also report results with both parameters tuned jointly for SPCA,
and the single parameter K tuned for PCA and PLS, respectively.

The simulation results in Table 1 square well with our theoretical predictions. In the strong
factor case (upper panel), PCA and SPCA perform similarly. They achieve minimum prediction
error when K is set at the true value 3 in that the first two factors do not predict y. This suggests

that tuning ¢ does not worsen the performance of SPCA. PLS can also achieve desirable performance
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but typically with K smaller than 3. Interestingly, its performance deteriorates rapidly as K increases
and surpasses the true value. The reason, as we explain in Proposition 5, is that PLS is more likely
to overfit as it uses information about y to directly construct predictors. In contrast, PCA based
approaches are more robust to noisy factors used in prediction.

As to the weak factor case (lower panel), SPCA outperforms both PLS and PCA as predicted
by our theory. Moreover, SPCA tends to achieve optimal performance when K = 2. Recall that in
this case, we do not have asymptotic guarantee that SPCA can recover the entire factor space. For
this reason, it is possible that a third factor out of this procedure contributes more noise than signal,
hence the performance of SPCA deteriorates with an additional factor.

Both panels show that tuning K in most cases slightly deteriorates the optimal prediction MSE
and estimation error. That said, the resulting errors remain smaller than what the second best choice

of K can achieve.

Table 1: Finite Sample Comparison of Predictors (Univariate y)

MSE 178 — ol
K 1 2 3 4 5 K 1 2 3 4 5 K
T Panel A: N =200 a=0.5
SPCA 0.91 0.52 0.15 0.17 0.17 0.16 0.92 0.59 0.24 0.25 0.25 0.25
60 PCA 1.05 1.08 0.15 0.15 0.15 0.15 1.01 1.02 0.26 0.26 0.25 0.26

PLS 0.34 0.17 0.37 0.51 0.70 0.21 0.50 0.22 0.28 0.27 0.27 0.25
SPCA 0.89 0.49 0.09 0.11 0.11 0.10 0.92 0.55 0.17 0.17 0.17 0.17
120 PCA 1.04 1.06 0.09 0.09 0.09 0.09 1.00 1.01 0.17 0.17 0.17 0.17
PLS 0.25 0.10 0.31 0.40 0.66 0.11 0.38 0.16 0.26 0.18 0.19 0.16

Panel B: N =2000 a = 0.05
SPCA 0.75 0.29 0.41 0.52 0.58 0.36 0.78 0.32 0.42 0.45 0.47 0.36

60 PCA 1.11 1.14 0.69 0.67 0.65 0.67 1.01 1.03 0.75 0.74 0.73 0.74
PLS 1.14 0.55 0.52 0.67 0.75 0.55 1.00 0.56 0.50 0.49 0.47 0.51

SPCA 0.55 0.13 0.18 0.26 0.27 0.16 0.65 0.19 0.28 0.34 0.35 0.22

120 PCA 1.05 1.08 0.27 0.27 0.27 0.27 1.01 1.02 0.44 0.44 0.44 0.44
PLS 0.94 0.24 0.26 0.45 0.55 0.23 0.92 0.34 0.30 0.32 0.30 0.29

Notes: We evaluate the performance of SPCA, PCA, and PLS in terms of prediction MSE and |73 — «||. All numbers reported
are based on averages over 1,000 Monte Carlo repetitions. We highlight the best values based on each criterion in bold.

Furthermore, Table 2 reports the performance of SPCA, PCA, and PLS for each entry of y in
the multi-target scenario. In this case we only report results with parameters tuned. As discussed
previously, we expect the recovery of all factors using SPCA, because to each factor, at least one
entry of y; has exposure. We first report the distance between F and the true factors F, defined by
d(ﬁ, F) = HIP’@ — Pp||. We also report the MSE;s for y; 741, ¢ = 1,2,3, where MSE3 is based on

Y3 7+1, which depends on the potentially weak factor fsr by construction. Again, we vary the value

of ¢ and N, while maintaining a/N = 100, so that the number of predictors with exposure to the
third factor is fixed throughout.

The findings here are again consistent with our theory. In particular, as a varies from 0.5 to 0.05,
the third factor becomes increasingly difficult to detect. Both PCA and PLS report a substantially
larger distance d(ﬁ, F') than SPCA. In the mean-time, the distortion in the factor space translates

to larger prediction errors for the third target s, in that it loads on the weak factor f3 besides its
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own lag. Throughout this experiment, SPCA maintains almost the same level of performance as a

varies, demonstrating its robustness to weak factors.

Table 2: Finite Sample Comparison of Predictors (Multivariate y)

SPCA PCA PLS

a d(F,F) | MSE1 MSE» MSE; | d(F,F) | MSE; MSE2 MSE; | d(F,F) | MSE; MSE; MSEj
T = 60

0.5 0.40 0.14 0.16 0.20 0.40 0.14 0.15 0.21 0.41 0.14 0.15 0.19

0.1 0.44 0.13 0.14 0.25 0.55 0.12 0.12 0.55 0.54 0.12 0.13 0.38

0.05 0.45 0.14 0.13 0.27 0.66 0.12 0.11 0.72 0.59 0.12 0.12 0.53
T =120

0.5 0.30 0.07 0.08 0.10 0.30 0.07 0.08 0.10 0.31 0.08 0.08 0.10

0.1 0.31 0.07 0.07 0.12 0.36 0.06 0.06 0.22 0.39 0.07 0.06 0.17

0.05 0.31 0.07 0.07 0.11 0.39 0.06 0.06 0.29 0.44 0.06 0.06 0.22

Notes: We evaluate the performance of SPCA, PCA, and PLS in terms of the distance between estimated factor space and the
true factor space, d(F, F) = ||IP’13, — Pps ||7 as well as MSE; for predicting the ith entry of y. All numbers reported are based on
averages over 1,000 Monte Carlo repetitions. We vary the value a takes, while fixing a/N = 100.

Last but not least, we report the histograms of the standardized prediction errors using the CLT
of Theorem 4 in Figure 1. The setting is identical to that of Table 2 with a = 0.05 and 7" = 120. The
histograms match well with the standard normal density for SPCA, and hence verifies the central
limit result we derive. As to PCA, there is visible distortion to normality for y3, due to the presence

of the weak factor fs.

Figure 1: Histograms of the Standardized Prediction Errors
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Notes: We provide histograms of standardized prediction errors for each entry of y using SPCA and PCA, respectively, based
on 1,000 Monte Carlo repetitions. The dashed curve on each plot corresponds to the standard normal density.

5 Conclusion

The problem of macroeconomic forecasting is central in both academic research as well as for design-

ing policy. The availability of large datasets has spurred the development of methods, pioneered by
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Stock and Watson (2002), aimed at reducing the dimensionality of the predictors in order to preserve
parsimony and achieve better out of sample predictions.

The existing methods that are typically applied to this problem aim to extract a common pre-
dictive signal from the large set of available predictors, separating it from the noise and reducing the
problem’s dimensionality. What our paper adds to this literature is the idea that the availability of
a large number of predictors also allows us to discard predictors that are not sufficiently informative.
That is, predictors that are mostly noise actually hurt the signal extraction because they contaminate
the estimation of the common component contained in other, more informative, signals.

How can one know which predictors are noisy and which are useful? The key idea of SPCA
is that one can discriminate between useful and noisy predictors by having the target itself guide
the selection. This idea, first proposed in Bair and Tibshirani (2004), naturally leads to adding
a screening step before factor extraction. But this original version of SPCA only works in very
constrained environments that they can all be extracted via PCA from the same subset of predictors.

In practice, there is no guarantee for that to be the case. Whether a latent factor is strong or
weak (and how strong) depends on how exposed the various predictors are to it — and each empirical
applications could feature a different mix of strong and weak latent factors. Therefore, we propose a
new SPCA approach that iterates a selection step, a factor extraction step, and a projection step. As
we demonstrate in the paper, this procedure can consistently handle a whole range of latent factor
strength. Our empirical analysis shows that indeed this procedure fares well in an application with
a large number of potentially noisy macroeconomic predictors.

Two final points are worth noting. First, like any procedure, it will work best under some DGPs,
and worse under others. In particular, the procedure will potentially miss factors that are extremely
weak — no procedure can ever distinguish them from noise, because the exposures of the predictors
to these factors are simply too small.

Second, our theory highlights an interesting tradeoff that emerges when working with weak
factors. Detecting the weak factors using unsupervised methods (like PCA) is, by definition, difficult
or impossible: there is a wide range of strength of factors that will be missed by these methods.
Methods based on supervised selection can help extract additional signal, thanks to the guidance
from the target. This ability comes at a cost: the possibility of missing factors that are not related to
the target. Therefore, this procedure is most useful in applications, like forecasting, where omitting
factors not related to the target does not bias the prediction. We leave to future work an additional

exploration of other contexts in which SPCA can be useful.

A  Mathematical Proofs

For notation simplicity, we use X, F, U, Y, Z in place of X, F, U, Y, and Z, and use T}, for T — h.
In addition, without loss of generality, we assume that ¥; = [ in the proof, in that we can always

normalize the factors by Z;l/ ? and redefine 3 in (1) and « in (2) accordingly.
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A.1 Proof of Theorem 1

Proof. We start with the DGP without w; first. Throughout the proof, we use )Z'(k) = (X(k))[fk]
to denote the matrix on which we perform SVD in each step of Algorithm 1. The first left and
right singular vectors of X (k) are denoted by ¢y and f , while the largest singular value of X (k) 18

denoted by Th)\(k). As a result, )\(k) =T, HX(IC)H . Moreover, by definition

—1/2%

—~ —1 2
Sty = Ty,

C1/27-1/25 ~
A(k) Xwéwy Ewy =T, Ay XS (12)

Therefore, our estimated factor at k-th step is ﬁ(k) = f{k)f(/(k) T, 1/2 )‘2/)25(1@)' Consequently, the

coefficients of regressing X and Y onto this factor are, respectively:

~

Buy =T, P2 Xy and - Gy =T, PN YiE (13)

Then we define ﬁ(k) € RINXN iteratively by
N Uzl
~ —1/25-1/2 > ~
Dy = )iz = 2T Ay X g€ Do
i=1

with D(l) = (]IN)[[ E We can show by induction that X( k) = (k)X. In fact, by Lemma 1, we have

f( )5(]) =0fori#j < K which suggests that F( k)’s for all k are pairwise orthogonal. Using this
property and the definition of X (k), We have

k—1
X(k) = (X(k: [Ik Ik:] HM = X[Tk] <HTh — ' 5(1-)5@)) , (14)
for £ > 1 and when k£ =1,
Xy = X[fl] = ,B[mF-i- U[fl]'

Using (12), if )?(Z-) = ﬁ(i)X for any i < k we can write (14) as

k—1
o P R 1/23-1/2 y ~
Xy = X3, (HTh—Z&i)f(i)) =X5 — ZT Aoy X 15 15X () = Dy X.
=1

Since )?(1) = X[ﬂ] = 15(1)X holds immediately by definition, we have )Z'(k) = ﬁ(k)X by induction.
In light of this, the estimated factors satisfy

Fiey = S0 X k) = Sy Dy X (15)
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for all k, and by definition, we have E(k) = (qk)f)(k))/ . Moreover, using (13) the estimated coefficient

~ can be written as

R B
7= Gw D = DT, *X _1 Y€1)y Dir)- (16)
k=1 k=1

We further define B(k,) = ﬁ(k)ﬂ and ﬁ(k) = E(k)U, then )?(k) can be written in the form of
Xy = B F + Ugy. (17)

We also define the population analog of ﬁ(k) for each k by

Dy = (In)g,) — ZA “Biabsin P Dy = In)m»

where /A1) is the leading singular value of S, gx) and b are the corresponding left and right

singular vectors of 5(;y. By a similar induction argument, we can show that

By = B [ [ My, = Diwy 8-

i<k

Intuitively, 5( k) and 1~)( k) are sample analogs of B and D).
Similar representations to (17) can be constructed for Yy := YHk ! M ' for each k. Specifi-

cally, we have
Yi) <HTh kggﬁﬁ()) = awF + Z), (18)
where a(y) € RP*E and B(k) e RIHXK are defined as
Ay 1= o — kZITh 1/2%1/21/2@8@5@ and Zgy = 7 — ZT 2y 1/ VY E S U-
i=1

By Lemma 3, we have P(fk =1I;) — 1for k < K and P(I? = K) — 1. Thus, with probability
approaching one, we can impose that ﬁ = [, for any k and K = K in what follows.

To prove Theorem 1, using (17), the estimated factors can be written as
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Using Lemma 5(i),

)H = \/ThT(k)’ and |Mg || < 1, we have

~ 1) ~ _
ol [t < [ o] o2

A.2 Proof of Theorem 2

Proof. By definition of X(3) in Algorithm 1, we have

k—1 k—1
X = XM Flocyy =X H Mﬁ(li) =X (HTh - g(i)g(i)> :
=1 ;

Therefore, using (18), we have

k—
XYy = (HTh Z ) )= XY,

as Y(k)g(z-) = 0 for ¢ < k by Lemma 1. Therefore, the covariance ( (k )) ( ) for each predictor

(4]
equals to X Y(’ k) Based on the stopping rule, if our algorithm stops at K, there are at most gN — 1

> c. Let S denote the set of these predictors.

predictors among all satisfying 7}~ HX [i] ( i1 HMAX

For i € 5¢, we have

2
it < [

(K+1) (K+1)HMAX S (19)

where we use ||B|lyax S 1 from Assumption 2 and Lemma 3(vi) in the last step. On the other hand,

in light of the set Iy in Assumption 2, we have

2
—1 / 1 1
Z HTh X[i]Y(f{-Fl)HF HT X[Z]Y +1)H HT X’]Y(KH)HF
i€lp i€lpNS i€lpnNSe

<p [ToN S|+ |Io NS¢ < gN + 2Ny = o(Ny), (20)

where we use (19), |S| < ¢N—1, ¢ — 0, and ¢N/Ny — 0. Consequently, (20) leads to HY(I?H)X[/IO] H =
op(Ny). Moreover, using (18) and that X = SF + U, we can decompose

Y(RH)X[/I()] - &(I?H)FF/ﬁro] + &(RH)FU[II()] + Z(I?H)F//Bflo] + Z(I?H)U[Ilo}‘ (21)
Using (20), (21), Lemma 9(i)(ii), and the fact that HB[Io] H < N01/2, we have

|Gk (FF Bl + FULy || = or (No°T). (22)
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Also, using Assumption 4(i), Assumption 1(i) and Weyl’s theorem, we have

ok (FF'B1 + FU[p,)) — ok (ThBir))| < HFU[/IO} + || T FF =T || | ToBi) |

<pNJPTV2, (23)

Since Assumption 2 implies that ox (8(1,)) < N01/27 we have UK(FF’ﬂ’I o) FU[’I }) = Nol/zT Using
this result, (22) and the inequality H (R+1) <FF BI i FU[I ]> H > ok (FF'Bipy +FU

)

we have H O(fy1) ) — 0. That is, by definition of &z ) in (18),

a—ZY “w” = op(1). (24)

\/ ThA( )

Next, (16) and B(k) = ﬁ(k)ﬁ imply that

K
~n —1/27-1/2+,2 >
75—2Th )‘(i) Yg(i)qz')ﬁ(i)-
=1

Therefore, (24) is equivalent to |78 — «|| = op(1).
As shown in Lemma 12, Assumptions 1, 3, and 4 hold when we replace F', Z and U by FMy,
ZMyy and UMyy. Therefore all of the lemmas and the result |78 — «|| = op(1) also hold when w;

is included. We write the prediction error of yry; as

Ir+n — Er(yren) = F27 + (@w — 78w)wr — afr — aywr (25)
=78 — a) (fr — FW'(WW") lwr) +F(ur — UW' (WW") " wr) + ZW' (WW')

Using (16) and ||Y]| < |[aF|| + || Z]|| <p T"/? by Assumption 1, we have

Furl < 32 128602 € | (|60 Doour | 5o 32 3 [l Dagur]| . (20)
k<K E<K
and
T RUwl < 3T R IV |Ew | [ Dy
<p Z T, )\ H k)U(k w’ H (27)

k<K
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Using X(k) =p ¢N from Lemma 3 and Lemma 5(ii)(iv), we have

S1n-1/2 ]|~ 1 a— - —1 2 .

T 32 G T || se a N7+ 77 3G |Gy Dayur || Sp g VANTHR 4 T2 (28)
Therefore, |[Jur|| = op(1). Furthermore, with H (WW") _1H <p T~! from Assumption 1, we have
|[FUW!(WW")7Y|| = op(1). Together with || FW’|| <p T2, [|ZW'|| <p T2 from Assurnptlon 1 and
|78 — | = op(1), we show that each term of (25) vanishes, and hence yri, — Ex[yr4a] 0. O

A.3 Proof of Theorem 3

Proof. As in the proof of Theorem 1, we impose that K =K and fk = I, since Lemma 3 shows that
both events occur with probability approaching 1. As shown in Lemma 2(iv), under the assumption
that Ag(a’e) > 1, we have K = K. Together with P(K = K) — 1, we have obtained (i) of Theorem
3. Below we can directly impose that K =K.

Again, following the same argument above (25), we only need analyze the case without w;. As
ﬁ( k) = T1/2A1/2£(k Theorem 1 implies Hg Mp || <p ¢ /2N=1/2 4+ T for k < K. Let v denote
F/(FF")~'/2, we have

|€-Brd] = || - o] g g 2N 2T, (29)

where §A is a T x K matrix with each column equal to E(k). (29) implies that ‘ ¢

= HKH Sp
¢ YVEN-Y2 471 By Weyl’s inequality, \Ui(g’v) —1|<p ¢ '2AN-V24771 for 1 <i < K, and thus

-z

Y R X [ R P
Spq71/2N71/2 L7t

Then, using this, (29), and the fact that ||v|| = 1 and ng =1, we have

Pz — Ppr THANTYZ 4L

- -

< &€

Next, we need a more intricate analysis of 5. Recall from the proof of Theorem 2 that
—1/2% —1 2 =
76 = ZT PN Y €Sl B (30)

Denote By = (b11,...,bp) € RKXIA(, By = (b12,...,bp,) € RKX[A(, where

by =T V2FEyy, bre = X(_kl)pﬁfk)@k)- (31)
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By Lemma 6,

1/2

|72 2280 ~ T 2F bgo | S T4 4 7N (32)

As we impose that K = K = K, combining (30), (31) and (32), with ||By|| <p 1, || Ba|| <p 1 from

Lemma 10, we have
|78 — aB1By — T, ' ZF'BoBY|| <p T + ¢ N (33)
Using Lemma 10(iv)(v), we obtain |[38 —a — T, 'ZF'|| <p T~ + ¢ !N L. O

A.4 Proof of Theorem 4

Proof. As in the proof of Theorem 2, we have HFW’(WW’)*IH <p T2 from Assump-
tion 1 and |JUW/(WW')7Y| <p T7! + ¢"'N~! as shown in (27) and (28). Together with
H’y\ﬁ —a— Th_lZF’H SpT7 14+ ¢ !N~ we can derive from (25) that:

Z/J\T—i-h — ET(yT+h> T ZF fT + ZW/(WW ) wr + ’YUT + OP(T + q_lN )
By Assumption 1, we have |\; ( D el 1741160 1/2> — 1] <p T7'/? and thus

|ZW' (WW') " wr — T, ZW'S wr || < T [ Z2W| (@ W)= S0 wr |
<pT, WHT L2 ez /2 ]IDH—T /Qmax\)\ < Sy =12y 1/2) L

<pT . (34)

~

For yur, by (16), we have yur = Zszl a(k)g(k)f)(k)uT and thus

Yur — Z A, 1/2ab Dpyur|| < Z Ha(k qk)ﬁ(k)UT - A@l)/Qab(k)gék)D(k)uTH . (35)

Lemma 8(vi) gives
¢ ANTV2(G Diyur — s Dayur| Sp T+ ¢ N7 (36)

~

In addition, (13) and Lemma 1 give A 2oy = T;, Ve = abp + T, Y Z€p. With (32),
|ZF'|| <p T'/? and ||bga|| <p 1 from Lemma 10(i), this equation leads to

PMyaa — abu| < |12 280 — T 2F bio | + | T 2F by | Sp 7772 4 7N
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Using ||bre — b || <p T7Y/2 + ¢~/2N—1/2 implied by Lemma 10(iii) and h) ) =<p ¢N from Lemma
Rl ~ (k)

3(iii), we have
Ay — Nt abge | < [y — 3t 2abisl| + Rt a(bgy — b
ey = Ay " by || < |y — Ay " abra|| + || A " lbky — br2)
<pT—12g712N-12 g~ IN—T, (37)
Also, with Lemma 3(iii), we have
‘)\ 12 1/2’ < )\ 1/2|/\1/2/>\1/2 1 <p T2~ V2N-V2 4 g IN-L,
Since Hb(k) H =1, the above two inequalities lead to
Ha(k) _ >\(_kl)/20éb(]§)H S T—1/2q—1/2N—1/2 + q_lN_l. (38)
For each term in the summation of (35), we have
~1/2
H (k) Dgyur — Ak )/ bk Sy Dk )“TH
—1/2
< H )D(k) T— c(k)D yur H + H )‘(k) ab(k))§ék)D(k)uTH . (39)

Note that (37) also implies ||a || Sp g VPNT2 as /)\\( k) =< qN, and that (36) implies the first term
in (39) is Op(T~! +¢ 'N~!). Furthermore, \g L (yur| Sp 1 from Lemma 5(iv) and (38) show that
the second term in (39) is also Op(T~! + ¢ N~ ) Given this, (35) becomes

K

’/}/\UT Z Oéb(k G(k (k)’LLT
k=1

<p T l4q¢ N (40)

To sum up, we have established that

ZF' zwW’

K
yr+n — Er(yren) = Tth + Thzile + Z A&l)/Qab(kﬁEk)D(k)uT +0p (T'+¢'N Y.
k=1

In the general case that X Inay not be lg, the first term becomes Th_lZF’Z;lfT. Using the
fact ¢y = )\ ﬁ(k *) = )\ k) 51 .0k and the iterative definition of D), we can see that

)\(_kl)/ (k)D( )uT is exactly the kth row of A~1Q)Wur with A, 2, and ¥ defined in Theorem 4. Using
Delta method and Assumption 6, it is straightforward to obtain the desired CLT. O
References

Ahn, S. C. and J. Bae (2022). Forecasting with partial least squares when a large number of predictors

are available. Technical report, Arizona State University and University of Glasgow.

35



Amini, A. A. and M. J. Wainwright (2009, October). High-dimensional analysis of semidefinite
relaxations for sparse principal components. Annals of Statistics 37(5B), 2877-2921.

Bai, J. (2003). Inferential Theory for Factor Models of Large Dimensions. FEconometrica 71(1),
135-171.

Bai, J. and S. Ng (2002). Determining the number of factors in approximate factor models. Econo-
metrica 70, 191-221.

Bai, J. and S. Ng (2006). Determining the number of factors in approximate factor models, erata.
http://www.columbia.edu/ sn2294/papers/correctionEcta2.pdf.

Bai, J. and S. Ng (2008). Forecasting economic time series using targeted predictors. Journal of
Econometrics 146(2), 304-317.

Bai, J. and S. Ng (2021). Approximate factor models with weaker loading. Technical report, Columbia
University.

Bai, Z. and J. W. Silverstein (2006). Spectral Analysis of Large Dimensional Random Matrices.
Springer.

Bai, Z. and J. W. Silverstein (2009). Spectral Analysis of Large Dimensional Random Matrices.
Springer.

Bair, E., T. Hastie, D. Paul, and R. Tibshirani (2006). Prediction by supervised principal compo-
nents. Journal of the American Statistical Association 101(473), 119-137.

Bair, E. and R. Tibshirani (2004). Semi-supervised methods to predict patient survival from gene
expression data. PLoS Biology 2(4), 511-522.

Cai, T. T., T. Jiang, and X. Li (2021). Asymptotic analysis for extreme eigenvalues of principal
minors of random matrices. The Annals of Applied Probability 31(6), 2953-2990.

Chamberlain, G. and M. Rothschild (1983). Arbitrage, factor structure, and mean-variance analysis
on large asset markets. Fconometrica 51, 1281-1304.
Chao, J. C. and N. R. Swanson (2022). Consistent estimation, variable selection, and forecasting in
factor-augmented var models. Technical report, University of Maryland and Rutgers University.
d’Aspremont, A., L. E. Ghaoui, M. 1. Jordan, and G. R. G. Lanckriet (2007, January). A direct
formulation for sparse PCA using semidefinite programming. SIAM Review 49(3), 434-448.

Fan, J., Y. Liao, and M. Mincheva (2011). High-dimensional covariance matrix estimation in ap-
proximate factor models. Annals of Statistics 39(6), 3320-3356.

Forni, M., D. Giannone, M. Lippi, and L. Reichlin (2009). Opening the black box: Structural factor
models with large cross sections. Econometric Theory 25, 1319-1347.

Forni, M., M. Hallin, M. Lippi, and L. Reichlin (2000). The generalized dynamic-factor model:
Identification and estimation. The Review of Economics and Statistics 82, 540-554.

Forni, M., M. Hallin, M. Lippi, and L. Reichlin (2004, April). The generalized dynamic factor model:

36



Consistency and rates. Journal of Econometrics 119(2), 231-255.

Forni, M. and M. Lippi (2001). The generalized dynamic factor model: Representation theory.
FEconometric Theory 17, 1113-1141.

Giglio, S., D. Xiu, and D. Zhang (2020). Test assets and weak factors. Technical report, Yale
University and University of Chicago.

Hoyle, D. C. and M. Rattray (2004). Principal-component-analysis eigenvalue spectra from data
with symmetry-breaking structure. Physical Review E 69(2), 026124.

Huang, D., F. Jiang, K. Li, G. Tong, and G. Zhou (2021). Scaled pca: A new approach to dimension

reduction. Management Science, forthcoming.

Johnstone, I. M. (2001). On the distribution of the largest eigenvalue in principal components
analysis. Annals of Statistics 29, 295-327.

Johnstone, I. M. and A. Y. Lu (2009). On consistency and sparsity for principal components analysis
in high dimensions. Journal of the American Statistical Association 104(486), 682—693.

Jolliffe, I. T.,; N. T. Trendafilov, and M. Uddin (2003, September). A modified principal component
technique based on the LASSO. Journal of Computational and Graphical Statistics 12(3), 531-547.

Kelly, B. and S. Pruitt (2013). Market expectations in the cross-section of present values. The
Journal of Finance 68(5), 1721-1756.

Onatski, A. (2009). Testing hypotheses about the number of factors in large factor models. Econo-
metrica 77(5), 1447-1479.

Onmatski, A. (2010). Determining the number of factors from empirical distribution of eigenvalues.
Review of Economics and Statistics 92, 1004-1016.

Onatski, A. (2012). Asymptotics of the principal components estimator of large factor models with
weakly influential factors. Journal of Econometrics 168, 244-258.

Paul, D. (2007). Asymptotics of sample eigenstructure for a large dimensional spiked covariance
model. Statistical Sinica 17, 1617-1642.

Stock, J. H. and M. W. Watson (2002). Forecasting Using Principal Components from a Large
Number of Predictors. Journal of the American Statistical Association 97(460), 1167-1179.

Uematsu, Y., Y. Fan, K. Chen, J. Lv, and W. Lin (2019). Sofar: Large-scale association network
learning. IEEFE Transactions on Information Theory 65(8), 4924-4939.

Uematsu, Y. and T. Yamagata (2021). Estimation of sparsity-induced weak factor models. Journal

of Business and Economic Statistics, forthcoming.

Wang, W. and J. Fan (2017). Asymptotics of empirical eigenstructure for ultra-high dimensional
spiked covariance model. Annals of Statistics 45, 1342—-1374.

Zou, H., T. Hastie, and R. Tibshirani (2006). Sparse principal component analysis. Journal of
Computational and Graphical Statistics 15, 265-286.

37



Online Appendix of

Prediction When Factors are Weak

Stefano Giglio* Dacheng Xiu' Dake Zhang?
Yale School of Management Booth School of Business Booth School of Business
NBER and CEPR University of Chicago University of Chicago

This Version: March 28, 2023

Abstract

The online appendix presents an empirical application, details on the asymptotic variance

estimation, and proofs of propositions and technical lemmas.

*Address: 165 Whitney Avenue, New Haven, CT 06520, USA. E-mail address: stefano.giglio@yale.edu.
TAddress: 5807 S Woodlawn Avenue, Chicago, IL 60637, USA. E-mail address: dacheng.xiu@chicagobooth.edu.
fAddress: 5807 S Woodlawn Avenue, Chicago, IL 60637, USA. Email: dkzhang@chicagobooth.edu.



A Empirical Analysis

In this section we apply our methodology in a standard macroeconomic prediction exercise, using a

large set of predictors to forecast inflation, industrial production, and unemployment.

A.1 Empirical Context

Predicting macroeconomic variables like output and inflation is a central exercise in empirical macroe-
conomics. The availability of large macroeconomic datasets that contain many potentially useful
predictors has spurred the application of a variety of methods of dimension reduction to this objec-
tive. Some of these methods, like those based on principal component analysis (PCA), reduce the
dimensionality of the predictors universe without using information in the target of the forecast (see
Stock and Watson (2002)). Others instead use information from the target to help the dimension
reduction focus on the most valuable predictors; examples include partial least squares (PLS, Kelly
and Pruitt (2015)), targeted PCA (Bai and Ng (2008)), and scaled PCA (Huang et al. (2022)). SPCA
belongs to the latter group, as it employs an iterative screening step based on correlation with the
target to eliminate useless or noisy predictors.

Because the selection step is designed to eliminate irrelevant predictors (as opposed to downweight
them as, for example, PLS does) we expect SPCA to perform best when faced with a large number of
predictors that are potentially irrelevant, noisy, or redundant. In our empirical analysis, we therefore
explore a context in which a large number of predictors are available to be used for forecasting.
Specifically, we include in our set of predictors not only a standard panel of macroeconomic variables,
but also a large dataset of individual forecasts of different macroeconomic quantities by professional
forecasters. Macroeconomic forecasts have often been included in forecasting exercises, either by
using the consensus forecast as an additional predictor (Faust and Wright (2013)) or in the context
of optimal forecast combination (Genre et al. (2013)). In our context, we let SPCA decide if and
which individual forecasts to use to complement the macroeconomic predictors — so the forecast

combination will be decided automatically by SPCA.

A.2 Data

Our empirical exercise combines two datasets. First, we use the standard Fred-Md database (Mc-

Cracken and Ng, 2016) that contains 127 monthly macroeconomic and financial series.! The Fred-Md

!The series are grouped in the following categories: output and income; labor market; housing; consumption, orders
and inventories; money and credit; interest and exchange rates; prices; stock market. The dataset applies a variety of
transformations to the underlying series, which we follow in our analysis. We however make a few adjustments to the
series’ data transformations, to ensure that all series are stationary and based on economic reasoning. For the Effective
Federal Funds Rate (FEDFUNDS), we keep its level (i.e., no transformation) instead of taking the first difference. We
also compute the first difference of natural log instead of the second difference of natural log for the following series: M1
Money Stock (M1SL), M2 Money Stock (M2SL), Board of Governors Monetary Base (BOGMBASE; note: starting from
the January 2020 (2020-01) vintage, BOGMBASE replaced the St. Louis Adjusted Monetary Base (AMBSL)), Total
Reserves of Depository Institutions (TOTRESNS), Commercial and Industrial Loans (BUSLOANS), Real Estate Loans



data spans the period March 1959 to February 2022. Second, we use individual forecasts from the
Blue Chip Financial Forecasts data, which is a monthly survey of experts from various major finan-
cial institutions® and provides forecasts of interest rates and many other macroeconomic quantities*
for each of the next six quarters (i.e., current quarter ¢ through ¢ + 5), for a total of hundreds of
forecasts every month. Our data covers the period February 1993 to February 2022 and we use all
forecasts available (for all possible macroeconomic targets) as potential predictors. This gives us
up to 18,053 different individual forecasts that could in theory be used as predictors (though, as
discussed below, many of these forecasts are available for only a small number of periods, so they are
not used in our analysis). Given that the Blue Chip forecast is only available since 1993, we conduct

all of our analysis for the period February 1993 to February 2022.

A.3 Out of Sample Forecast Evaluation

We forecast each of the three targets (inflation, industrial production growth, and change in the
unemployment rate) using a rolling out of sample procedure. We evaluate the out of sample forecast
of SPCA and compare it with two alternative forecasting methods, PCA and PLS. We choose these
alternatives because each is a prominent example of a class of methods used in large-dimensional
macroeconomic forecasting (respectively, unsupervised and supervised dimension reduction). Each of
the three methods we evaluate (SPCA, PCA, PLS) is benchmarked to the forecast of an autoregressive
model, whose number of lags is selected by the BIC criterion with a maximum lag of 12 lags, using
a direct projection approach (Marcellino et al. (2006), Faust and Wright (2013)). We study forecast
horizons of 1 to 12 months.

All of the analysis is performed using a rolling estimation on a 240-months window. At every time
t starting at the last month of the window, we predict the cumulated macroeconomic variables from
t to t + h, where h is the forecast horizon, as in Huang et al. (2022). Within each window, we only

keep predictors that have less than 10% missing data points. For those series that are included but

at All Commercial Banks (REALLN), Total Nonrevolving Credit (NONREVSL), Finished Goods (WPSFD49207),
Finished Consumer Goods (WPSFD49502), Processed Goods for Intermediate Demand (WPSID61), Unprocessed
Goods for Intermediate Demand (WPSID62; note: starting from the March 2016 (2016-03) vintage, PPI: Finished
Goods (PPIFGS), PPI: Finished Consumer Goods (PPIFCG), PPI: Intermediate Materials (PPIITM), and PPI: Crude
Materials (PPICRM) have been replaced with WPSFD49207, WPSFD49502, WPSID61, and WPSID62 respectively),
Crude Oil, spliced WTI and Cushing (OILPRICEx), PPI: Metals and Metal Products (PPICMM), Consumer Price
Index for All Urban Consumers (CPIAUCSL), CPI: Apparel (CPIAPPSL), CPI: Transportation (CPITRNSL), CPI:
Medical Care (CPIMEDSL), CPL: Commodities (CUSRO000SAC), CPI: Durables (CUSRO000SAD), CPI: Services
(CUSRO000SAS), CPI: All Ttems Less Food (CPTULFSL), CPI: All Ttems Less Shelter (CUSR0000SA0L2)?, CPI:
All Ttems Less Medical Care (CUSRO000SAQLS5), Personal Cons. Exp: Chain Index (PCEPI), Personal Cons. Exp:
Durable Goods (DDURRG3MO086SBEA), Personal Cons. Exp: Nondurable Goods (DNDGRG3M086SBEA), Personal
Cons. Exp: Services (DSERRG3MO086SBEA), Avg Hourly Earnings: Goods-Producing (CES0600000008), Avg Hourly
Earnings: Construction (CES2000000008), Avg Hourly Earnings: Manufacturing (CES3000000008), Consumer Motor
Vehicle Loans Outstanding (DTCOLNVHFNM), Total Consumer Loans and Leases Outstanding (DTCTHFNM) and
Securities in Bank Credit at All Commercial Banks (INVEST).

3For instance, Bank of America, Goldman Sachs & Co. and J.P. MorganChase.

4For instance, the percentage changes in Real GDP, the GDP Chained Price Index, the Consumer Price Index and
a set of interest rates (e.g., Federal Funds, 3-month Treasury, Aaa as well as Baa Corporate Bonds).



do have some missing data (mostly Blue Chip forecasts) we forward fill the last non-missing value.
About half of the total of around 40 forecasters from BlueChip available in the average month have
sufficiently long series of forecasts to be included in our analysis. All predictors are standardized
within each window. Then, a forecast is made for ¢t + 1 using the three different methods, and these
forecasts are then joined over time to compute the out-of-sample R? (relative to the AR benchmark).
When we use the Blue Chip data, we also include dummies for month of the quarter, to account for
the fact that the Blue Chip data makes forecasts for calendar quarters irrespective of the month.”

Recall that the SPCA procedure presented in Section 2 relies on two tuning parameters, K and
|gN |, whereas PCA and PLS only rely on tuning K. To demonstrate the effect of tuning parameters,
we report three versions of the results. We first show the performance of the forecasting methods for
different (fixed) number of factors K and different (fixed) choice of |¢N|. In this case, no tuning is
needed for SPCA. We then show the performance of SPCA for each K, with a single tuning parameter
of SPCA that drives the selection step |¢/N]| chosen via 3-fold cross-validation (CV) separately in
each time window. Next, we show the results when both the number of factors K (for SPCA, PCA
and PLS) and the tuning parameter |g/N | (for SPCA) are jointly chosen via CV. We consider a range
of |gN | from 50 to 300.

A.4 Results
A.4.1 Forecasting Performance

We begin by focusing on prediction at the quarterly (3-month) horizon, which is a standard horizon
studied in the literature. Figure Al reports the out of sample R? of different forecasting method-
ologies relative to the AR benchmark, for inflation (left panel), industrial production growth (center
panel), and change in unemployment (right panel). In this figure, the prediction exercise is performed
by fixing the number of factors K. For PCA (red line) and PLS (blue line), there are no tuning
parameters beyond K. For SPCA, we report separate results for each choice of the tuning parameter
K (grey lines), as well as for the value for [¢/N]| chosen by CV (green line).

The figure shows several interesting results. First, it is in general hard to predict inflation beyond
what an AR model predicts (see also Faust and Wright (2013)): the out of sample R2s are close to
zero or even negative. Only SPCA, among all methods, produces positive R?s, and it does so using
a small number of factors. Predictability beyond the AR model is much higher for IP growth and
change in unemployment. Second, the predictive performance of SPCA is generally higher than
that of PCA and PLS for most choices of the number of factors. Third, the performance of PCA
does depend on the tuning parameter, but in different ways for different targets. For inflation, for
example, a lower value of |gN | seems to predict better; for industrial production and unemployment,
higher values work better. Finally, the performance of all these methods varies quite dramatically

with the number of factors, with substantial declines for the methods that use target information

SFor example, in January, February and March, the “current quarter” forecast always refers to Q1.



Figure Al: OOS Performance of SPCA, PCA and PLS (for different number of factors)
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Notes: Each panel reports the out-of-sample R? relative to the AR model for a different target, aggregated over 3 months. The
three panels predict inflation, industrial production growth and change in unemployment rate, respectively. The green dashed line
shows the performance of SPCA with 3-fold cross validation for the tuning parameter |¢/N |. The grey lines show the performance
of SPCA with fixed number of predictors, |¢/V|. The blue dashed line uses PLS. The red dashed line uses PCA. Rolling window
of 240 months is used. Sample covers 1993-2022.

(PLS and SPCA with a smaller gV |) as the number of factors increases, because of their overfitting
issue we explained earlier.

Given how important the number of factors is for the out-of-sample performance, in what follows
we choose the number of factors via cross-validation for all three methods (so for SPCA both ¢V |
and K are jointly selected via CV). The left panel of Figure A2 shows the results. Now all three
targets (inflation, industrial production growth and change in unemployment rate) appear in the same
panel. The panel confirms that SPCA generally performs well in predicting out of sample, doing
better than the alternatives (in the case of unemployment, several choices of the tuning parameter
|gN | outperform PCA and PLS, but not the one chosen by cross-validation). Overall, SPCA tends
to do comparatively well when choosing all parameters via cross-validation.

Given the way SPCA chooses the set of predictors, we would expect it to perform best in contexts
where there are a large number of predictors, that overall contain valuable information, even if some
predictors are redundant or noisy. The forecasting experiment we run here falls in this category: it
contains both macroeconomic and financial data (which are likely to contain important individual
predictors), as well as a large number of individual forecasts that we would expect to be informative
beyond macroeconomic quantities but where a large part of the observed variation is likely dominated
by noise. To better gauge the importance of this additional data in the performance of SPCA, the

right panel of Figure A2 shows the results of running the same analysis (using the same sample) but



Figure A2: OOS Performance of SPCA, PCA and PLS (using CV to choose the number of factors)
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Notes: The left panel of this figure repeats the analysis of Figure A1, but chooses the number of factors via CV. The right panel
performs the same analysis as the left panel, but using only Fred data.

with only the Fred data. The figure shows that while the performance of SPCA remains broadly
comparable with the other predictors, it deteriorates compared to PCA and PLS (PLS itself has very
mixed performance, though, predicting well IP growth and unemployment, and failing to predict
inflation). So, on the one hand, this figure shows that individual expert forecasts are useful for
prediction of macroeconomic variables, confirming the results in Faust and Wright (2013); on the
other hand, it shows that SPCA does particularly well when working with this large and informative,

yet noisy, universe of individual forecasts.

A.4.2 Predictors Selected by SPCA

Next, we study in detail how SPCA selects predictors. Figure A3 shows which variables are chosen
by SPCA to extract the first factor (focusing on the 50 with highest correlation with the target, for
reasons of readability). For the three targets (one per column), the graph reports which variables
were selected in each of the rolling windows in our sample. The top part of the graph collects the
127 Fred variables, grouped according to the standard Fred-Md categorization, in alternating blue
and red colors. The bottom part corresponds to the BlueChip surveys, grouped by the target of the
individual forecast (therefore, each row in this part of the graph is a forecast of a particular variable,
at a particular horizon, by a particular expert). A darker color in this graph means that the variable
is selected in that window.

Consider for example the inflation graph on the left. To extract a factor useful to predict inflation,
SPCA selects a large number of variables from a few groups: output, consumption, rates, prices, and
the stock market. Other groups are almost never selected. Rates are selected more for IP growth,
and labor variables are selected more when predicting unemployment. Housing variables are rarely

used for all three targets. Note that in many cases, the same predictors from each group are used,



Figure A3: Top 50 Predictors Selected by SPCA
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indicating that the predictive power of these macroeconomic variables is persistent.

To this macroeconomic set of predictors, SPCA adds a selection of individual forecasts from the
BlueChip data as additional predictors. For reasons of space, the greyscale part of the graph shows
a subset of these predictors: only those that are selected among the top 50 predictors at least in
one window. The graph shows that different types of forecasts are used at different points in time,
with some exceptions. Not surprisingly, to predict inflation, forecasts of the consumer price index
are always included. To these forecasts, SPCA adds forecasts of GDP in the first and last part of the
sample, and interest rates in the intermediate part of the sample. GDP forecasts are used throughout
the sample to predict changes in unemployment, and become more dominant for all target variables
toward the end of the sample, whereas inflation predictors tend to be more important beforehand.
This switch is perhaps due to the fact that in the later part of the sample the zero lower bound was
close or binding and inflation was low and not very volatile.

Finally, we note that not all Blue Chip forecasters are the same in terms of forecasting ability.
Among the institutions whose forecasts are included in our analysis because they have a sufficiently
long time series (each providing tens of forecasts, of different variables at different horizons), we
find significant heterogeneity in the frequency with which their forecasts are selected by SPCA. For
example, Nomura has its forecasts selected between 23% and 39% of the time at the first iteration
(depending on the target). Swiss RE, on the other hand, has its forecasts selected only 0.1% of
the time, for each target. This distribution is quite skewed: only 5 institutions have their forecasts
selected more than 10% of the time for each target, out of the 20 included in our sample. Similar

results hold when looking at selection at any iteration of SPCA.

A.4.3 Joint Forecasts using Many Targets

Next, one special feature of SPCA is that it can operate the selection using a set of multiple targets
jointly. In fact, using multiple targets is required by the theory (see Section 3.2) to do inference,
as long as there are more than one factors in the true DGP. We implement this here by predicting
each target at horizons of 1, 2, 3, 6 and 12 months jointly. Figure A4 reports the out of sample R?s
on each horizon. There are two main results that this figure highlights. First, SPCA tends to do
on average well at longer horizons (3, 6 and 12 months), whereas its performance is more uneven
at shorter horizons. Second, comparing the middle panel (predicting one quarter ahead) with the
left panel of Figure A2, which focused on the 3-month horizon only, we see that the use of other
horizons to help select predictors has different effects for different targets. It significantly improves
the forecasting ability for unemployment, but reduces the forecasting ability for IP growth (mildly)
and inflation (significantly so). Overall, the performance of SPCA remains on par with the other

predictors when using multiple targets, especially at longer horizons.



Figure A4: OOS Performances - Different Targeted Horizons
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Notes: Similar to Figure A2, but showing the out of sample R?s at different horizons, and using all the horizons concurrently to
estimate the factors in SPCA.

A.4.4 Time Series of the Forecasts

Finally, we study the time series of our out-of-sample forecasts at different horizons, using the
estimates obtained in Section A.4.3, for horizons of 1, 2, 3, 6 and 12 months. Figure A5 reports
SPCA’s forecasts with asymptotic forecast standard errors at each maturity. In the figure, the blue
dots represent the underlying time series that is the target of the forecast: log CPI, log IP, and
unemployment, all scaled to start from 0 at the beginning of the sample. For readability, we show
the forecasts every six months, each for horizons up to 12 months. Standard errors are obtained
using the asymptotic distributions derived in Section 3.2, and are plotted in three shades (the 10th
and 90th percentiles in the darkest shade, 5th and 95th in the middle shade, and 1st and 99th in the
lightest shade).

Overall, SPCA does a good job forecasting the three series, with the forecasts often anticipating
changes in the direction of the different variables. For example, IP forecasts predicted the increase
starting in 2016, and the decrease that started in 2018. Of course, in other times the forecasts miss
significantly, sometimes for several periods in the same direction. Two examples: first, forecasts do
not fully anticipate the persistent decrease in unemployment that occurred during 2013 and 2014.
Second, all forecasts miss (as they should have) the unexpected and extraordinary events of the
Covid pandemic (both the initial shock and the recovery). In that period, the point estimates change
dramatically over a short period of time, and standard errors increase noticeably, demonstrating the

large amount of uncertainty about the path of the economy during those times.

B Estimation of ®; and &,

Recall that from the outputs of Algorithm 1, we have defined E, B\ , and @. As a result, we can also
estimate Z = Y — &E — a,W and Q =X - BE — wa. Then we can construct Newey-West-type

estimators for 1111, I119 and Ila9, given that each component of them can be estimated based on their
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sample analog constructed above. Estimators of ¥; and ¥, can be obtained by 5 =1 1ﬁ/ and
f]w = Th_lWW’. With fT = Z’(xT — Ewa), &31 can be constructed as follows:

81 = ((Frowh)S7h o10) (13,“ 1312) (S5 Pty ©10).
Iy Moo

The above estimators are built as if the latent factors were observed. This is because any rotation
matrix involved with latent factor estimates is canceled out, which eventually yields consistent es-
timators of ®;. This part of the asymptotic variance is straightforward to implement, thanks to
the fact that it does not involve estimation of high-dimensional quantities like ¥,. The proof of
consistency of ®; follows directly from Giglio and Xiu (2021) and is thus omitted here.

With respect to ®2, we may apply a thresholding estimator of ¥,, = Cov(u;) following Fan et al.

(2013). In detail, &, can be constructed by

)iy i=7 ~ oy

(iu)m = ~ , Yu= Th_lUU ,
Sij ((Eu)ij) , iFJ

where s;;(-) is a general thresholding function with an entry-dependent threshold 7;; satisfying (i)

sij(z) = 0 when |z] < 7; (ii) |sij(2) — 2| < 7;. The adaptive threshold can be chosen by 7;; =

C <\/;W + \/@ ) @-j, where C > 0 is a sufficiently large constant and

where u;, are the entries of U. With iu, ®5 can be estimated by dy = qNﬁiﬁ/.
The following theorem ensures the consistency of 2132 under standard assumptions as in Fan et al.
(2013).

Theorem B.1. Under the assumptions of Theorem 4, if we further assume that

(i) uy is stationary with E(uy) = 0 and ¥, = Cov(ug) satisfying C1 > A1 (X)) > An(Zy) > Co and

min; j Var(ugu;e) > Co for some constant Cp,Cy > 0,

(ii) u; has exponential tail, i.e., there exist r1 > 0 and C > 0, such that for any s > 0 and i < N,
P(|uit| > s) < exp(—(s/C)™).

(iii) uy is strong mizing, i.e., there exist positive constants ro and C such that for all t € Z7,
a(t) < exp(—Ct™), where

a(T)= s  [P(A)P(B) - P(AB)
AeFO__,BEF®

11



and F° _, F° are o-algebras generated by {u;}—oo<i<0, {Wt}r<t<oo-

(iii) (log N)SGT +2 '+ = o(T), T = 0(¢2N?).

Then f]u defined above satisfies

1—q
log N
SpomgN (F—F = ) , where mgN =

1—q R
max;< N ngNKZu)iﬂq- In addition, if mg N <F + 10gN) = o(1), then @y P, P,.

C Additional Mathematical Proofs

C.1 Proof of Theorem B.1

Proof. Using Theorem 5 in Fan et al. (2013),
to show that

, it is sufficient

U-U

[0 = e

and

1 log N
~ 12
max T}, Zt it — Tt —0P<qzv+ T )

1—q
These two estimates have been shown by Lemma 11(iii)(iv). If mqn (F + logN> = o(1),

then Hiu — Y

= op(1). With qu)ﬁ(k) — gék)D(k)H <p T712 4 ¢ 1/2N~1/2 from Lemma 8(iv) and
7= k<K a(k)qk)f)(k), rewrite the proof of (40), we have

~y— Z )\ ab k)§ (k) <p T_I/Qq_l/QN_l/Q + q_lN_l. (C.1)
k<K

The difference between the rate of (40) and this equation arises from the difference between Lemma

8(iv) and (vi). Recall that /\(_kl)/zgék)D(k) is exactly the kth row of A=1)' ¥, the left hand side of (C.1)

is equivalent to Hﬁ — aBATIQY \I’H In addition, under the assumption Cov(u;) = 3, II33 equals to
(gN)~1U%, ¥ Let 4 denote a BA~1Q/W, then we have

By — By = gN (aiﬁ - 727#) .
Consequently, we have

|2 - @] < an |58 - 27| + 116G - DEA| + 1523 - 7] - (C:2)

12



Using the definition of Dy, ‘B[MH < (gN)'2, and Aky X gV, we have HD(k)H < 1 and thus
7l < ¢ V/2N-1/2. Using ﬂiu - EUH = op(1), (C.1), |2l < 1 from the assumption and |[5]] <
g Y2N~1/2 it is straightforward to verify that all three terms in (C.2) are op(1). This completes

the proof.
O

C.2 Proof of Propositions 1 and 2

Proof. Note that for any orthogonal matrix I' € R¥*N_ the estimators based on PCA and PLS
on 'R are the same as those based on R. Thus, without loss of generality, we can assume § =
(AY/2,0,---,0), where A = ||8]|* and it will not affect A.

We can then write X in the following form:

(C.3)

NF 4 e A
X:6F+U:ﬁF+eA1:<\f ta 1),

€24y

where €7 is the first row of € and €2 contains the remaining rows. Correspondingly, we write the first
left singular vector of X as ¢ = (<1,c5)’, where ¢ is the first element of < and <3 is a vector of the
remaining N — 1 entries of ¢, write E as the first right singular vector of X, and denote the first

singular value as V T By simple algebra we have

. (VAF+ €1A1)€A ~ 621412
S1 = — , G2 = —.
VTA TA
Since the entries of F' are i.i.d. N(0,1), we have large deviation inequality |Th_1FF’ — 1| <p T V2
This also implies that ||F|| — 1) 1/2 Sp 1 by Weyl’s inequality.
Similarly, we can get |7} 'ere) — 1| <p T2 and ||e; || — Tf:l/2 <p 1. In addition, by Lemma A.1
in Wang and Fan (2017), we have |[N71U'U — A} 4, || < | A1) |N~tee —1Ip,|| Sp /T/N. Next, by

direct calculation using the previous inequalities we obtain

(C.4)

<, 1 \/NT< 1

HF/€1A1 —I—A/16/1F U/U—NA/IAl L b
VA TA YUY

Th \F)\ TpA

Together with (C.3), we have

1
P\ﬁ'

‘ X'X FF NAA| _

T\ T, T\

Let n denote the first eigenvector of the matrix

M =T, 'F'F + A} A;.

13



With the assumption that N/(T'A) — §, (A (M) — Xo(M))/A (M) Zp 1 and (C.5), by the sin-theta

theorem in Davis and Kahan (1970), we have HIP’n - IP’EAH = ||P, — Pz || = op(1).
In the case that A} Ay = I, , the eigenvalues of M are given by
T 'FF +6 i=1;
N=2 " (C.6)

) 1> 2.

and the first eigenvector is F’/||F||. Since the largest eigenvalue of X'X/(TiA) is A/A with its
corresponding eigenvector E, (C.5) and Weyl’s theorem yield that

X FF N 1
i +—4+0 — =146+ 1 .
AN T, TpA P <\[\> O+ or(l); (©7)

and the sin-theta theorem implies that
HIPF, —IP’EH - HF’(FF’)*T—Z?H — op(1). (C.8)

Furthermore, (C.8) implies that (FF)’l(FE)2 = E’F’(FF)’ng = 1+ op(1). Together with
|T}:1FF’ — 1| < 772, and the fact that the sign of §A plays no role in the estimator yryp, we

can choose E such that
—= —1=o0p(1). (C.9)

Therefore, we have

o~

Y & T F&A‘ICL“T JBfr+ S ur
Yyn = O zp = =a =
/T /T VA

Using (C.4), we have

(1+ op(1)). (C.10)

TB_VAG _AFFAPaANE N ((FC Al
ViU A VT A\VT VT )

Using (C.7), (C.9), |A1]| €1, and ||e1]| <p VT, it follows that

1

P
5 11
S 140 (C.11)

Sie

In addition, as Cov(us,ut) = 0 for s # t, up is independent of ¢ and thus 'up = Op(1). Combined

14



with (C.10) and (C.11), we have

afr
1496

UT+h N = (1+6) 'Er(yrin).

C.3 Proof of Propositions 3 and 4

Proof. In the case d = K = 1 and 2z = 0, the PLS estimate of the factor is F' = FX'X. With (C.5)
and T, 'FF' — 1 = op(T~'/?), we have

| A E = P (1, + 64341) | = op (T712). (C.12)

Let n = F (Ig, + 0A}Ay), and & = F , with ||n]| = TV/2 and HT}L_l)\—lﬁH “ 1l =
op(T"/?) implied by (C.12), we have Ha — é\QH 5 0 and thus

|Pp —P

R >~ o P
-] <2l -6 2o

This completes the proof of Proposition 3. In the specical case A|A; = Ir,, as in Section 3.4.2, we

can write
Jron = |[YX'X|| Y X' XY'Y X 0r = o| FX'X| °FX'XF'FX'2r. (C.13)

We now analyze |[FX'X||, FX'XF', and FX'zp, respectively. Recall that from (C.5), we have

X'X F'F
— —dlp, || = op(1
‘ Th)\ Th Th OP( )7
with |T;, ' FF' — 1| Sp T~Y/2, we have
1 ||FF'F P
FX'X| = H ( +5HT>H+OP(1):H +6FH+OP(1)—>1+5.
3/2 H /* h
T VT T
(C.14)
For the same reason, by direct calculation we have
F'F FF'FF’ FF’
L px'XF = LF Sy, ) F/ 1) = 5 1) 251446 (C15
75 T, (Th + Th> +op(1) 72 o + op(1) + (C.15)

Next, write X in the form of (C.3) as in the proof of Proposition 1. Then, using ||| <p VT,

15



we have

1 FF'  FA, p
— FX'B = + Ll =, C.16
ThA P T, TV ( )

In addition, as up is independent of f; and x; for t < T, and (C.15), we have
L FX | <p s ||FXY| 2 0. (C.17)
A ~ TR

On the basis of (C.14), (C.15), (C.16), (C.17) and (C.13), we have concluded the proof. O

C.4 Proof of Proposition 5

Proof. The explicit form of the PLS estimator in this case is
gL = |[YX'X|| Y X' XYY X' = ||ZU'U |72 20U Z' ZU" ur.
Recall that U=(uq, -+ ,up_p), up is independent of U and Z. Therefore,

Var(§7E5) = ||z0'U || ™|

zv]°.
As z; and w; are generated from independent standard normal distribution, we have ||ZU’|| =<p
TY2N1/2 and ||U| =<p NY/2? 4 T2, Consequently,

N3T

~PLS
Var(yT-i-h) 2P N7

On the other hand, the PCA estimator is
~, N
Urin = IV~ z&ur,

where ¢ and E are the first left and right singular vectors of U. Note that Z is independent of
¢ and ur is independent of <, we have HZEH <p 1 and |[<ur|| <p 1. Along with the fact that

U] Zp NV2 + TY2, we have GECA <p 1/(NV/? + T1/2), O

C.5 Proof of Proposition 6

Proof. The estimated factor F is the first eigenvector of X'X = U’U. By Lemma A.1 in Wang and
Fan (2017), we have HNflU’U —diag(1,...,1,1+ e)H <p /T/N. Note that the first eigenvector of

~ ~ 12
diag(1,...,1,1+¢€) is (0,0,...,1), sin-theta theorem implies that |f7|/ HFH P As HEH + ﬁ} =

16



112 ~l ~ _
HF H , we have H F H /fr 50 AsZis independent of U, conditioning on U, the estimated coefficient

PV SNNE|
~ZF (EFF)
follows a normal distribution with mean 0 and variance H E H_ . Consequently,

Var(fTJrh\U) Var(&fT]U) = (]?T/ HEH)Q xr, 0,

which in turn implies that Var(f}qm) — 00. On the other hand, in our PCA algorithm, let ¢ and E
denote the first left and right singular vectors of X = U, then

greh = 1UI™ ZeCur.

Note that Z is independent of & and ur is independent of <, we have HZEH <p 1 and ||Jur| <p 1.

Along with the fact that |U|| >p N2 + T2 we have yﬁf;:‘ 0. O

C.6 Technical Lemmas and Their Proofs

Without loss of generality, we assume that Xy = I in the following lemmas. Also, except for Lemma
3, we assume that K = K and fk =I,for k<K , which hold with probability approaching one as
we will show in Lemma 3.

Lemma 1. The singular vectors g(k)s we obtain from Algorithm 1 satisfy Egj)f(k) =01, for j,k < K.
Proof. If j = k, this result holds from the definition of E(k). If j < Kk, recall that )Z(k) is defined in
(14) and E(k) is the first right singular vector of X (k)» We have

[Xor]

X(k) = X[[k} H (HT - é\(i)g(i)) and f(k — arg max

i<k veRT [v]]
If Egk)é(j) = ¢g # 0 for some j < k, then

Hg(m(é?(k) - Cog(j))H = Hff(k)g(k) - COXw)fA(j)H = H*’Z’w)g(k)‘ : (C.18)

since the definition of X(k) implies that X k)f(j =0 for j < k.
On the other hand, since f(k f = ¢y # 0, we have (5 — cOE(j))’E(j) = 0, and consequently,

o = [ =l + il > o~ i e

17



Apparently, if

‘)?(k)H = 0, the SPCA procedure will terminate so we have H)?(k)H >0fork < K.
Together with (C.18) and (C.19), we have

HX(,C)E(@H . H)N%)(g(k) —CofAm)H
El e -]

%] =

which contradicts with the definition of Z(k). Therefore, Egk)g(j) = 0 for 5 < k. This completes the
proof. O

Lemma 2. Under assumptions of Theorem 1, by, B and K defined in Section 3.1 satisfy
(i) b;)bry = Sj1c for j <k < K.
(id) Miy = I8l = ¢/>N/2.
(iii) K < K.
(w) K = K, if we further have A (o/a) > 1.

Proof. (i) Recall that b, is the first right singular vector of By and By = Bz, [ 1

b(k) = 0 for j,k < K.

i<k Mb(j)- Using

the same argument as in the proof of Lemma 1, we have b’(j)
(ii) The selection rule at kth step implies that

2 2

I~ Z By H Mg, @ > Nyt Z B H M, @ . (C.20)

i€l i<k MAX i€lp i<k MAX

For any matrix A € RVXP and set I C [N], we have

> [ iax < 141E < D 14l
i€l i€l
and || A||* < || Az < D||A||>. We thereby have
1417 = 3~ [ 4gallyax - (C.21)
icl
Using this result, (C.20) becomes

2 2
1™ By TT M || 2 No ™ || By 1T M, @

i<k i<k
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Then, we have

1Bl / 1 oK 5[10
M, .« — | b M, > M,
/7\[19\ EC ) [Ik]][Ik @ /7 IO]][Ik @O /No ]lzlk H
(C.22)

where we use By, 1,4 Mb(j>a' = B T<x Mb(j>)20/ = B [ 1<k Mb(j>a’ in the first inequality.
With ok (8(,)) 2 vNo from Assumption 2, (C.22) leads to || B || = [I5]/2. In addition, ||8]lyax S 1
from Assumption 2 leads to HB(R)H < |12, Therefore, we have Hﬂ(k)H = |IL|'/? < ¢/2N1/2

(iii) From (i), we have shown that b(;’s are pairwise orthogonal for k¥ < K. It is impossible to
have more than K pairwise orthogonal K dimensional vectors. Thus, K<K.

(iv) Recall that K is defined in Section 3.1. Since the SPCA procedure stops at K + 1, we have
at most ¢N — 1 rows of 3 satisfying HBM ngf{M

b O > ¢, which implies
(4) X

2

Biro] H Mb(j)a/ S gN + (No — q]\/v)c2 = o(Ny),
i<K

where we use (C.21) and the assumptions ¢ — 0, ¢N/Ny — 0, and a similar argument for the proof
of (20). With ok (8f,)) 2 v/ No from Assumption 2, we have

a [] Mg, || < oxBie) ™ || By T Mg, e[| = o(1). (C.23)

J<K J<K

If K < K —1, using (i), we have

« H Mb(a) o — O‘Z b(]

j<K j<K
which implies that
JK(Oé) <o | o H Mb(j) +og | Z b(j)b,(]) . (0.24)
Since
Rank | a > bpbj,) | <K<K -1, (C.25)
J<K

we have ox (a i<k b(])b’(J)) = 0. Therefore, by (C.24) and (C.23), we further have ox(a) <

19
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o1 (a [L<% Mb(a)) —0. This contradicts with the assumption that A (o/a) = 1. Therefore, we have
established that K > K. Together with the result in (iii), we have K = K. O

Lemma 3. Under assumptions of Theorem 1, for k < K, I, K and Bky defined in Section 3.1
satisfy

(i) P(I, = I) — 1.
(ii) quk) — BuoF|| e ¢ 2NV2 4 T2,

(ZZZ) |)\1/2/)\1/2 — 1’ SP q71/2N71/2 + T71/2, and /):(k) =p )‘(k) = gN.

(iv) ||T5 7 Féy — b || = ’]P’

Th—lFl]P)b(k)FH S;P q_1/2N_1/2 + T_1/2.

(k)
(v) P(K = K) — 1.

Forkﬁf(—f—l we have

(vi) | T X TI2E Yy — BT Mo

Proof. We prove (i)-(iv) by induction. First, we show that (i)-(iv) hold when k = 1:
(i) Recall that T, is selected based on T, XY’ and I, is selected based on fo/. With simple

algebra, we have

 Sp (g NT)V2 (¢ ANV - 771%),

T, 'XY' — B’ = B (T, 'FF — k) o + T, 'UF'a' + T, '\BFZ + T, 'UZ'.
With Assumptions 1, 2 and 4, we have

HTileY, B/ HMAX S Blmax HT 'FF - ]IKH lall + T3 ' HUF/HMAX x|

+ T 1Bllwiax [|FZ'|| + Ty [UZ|[ypax Sp (log N)Y2T 712,

From Assumption 5, we have cgﬁ\), — CS\)[ e céj\), and the definition of K implies that e ]\), > ¢ for

k < K. Thus, we have c((j\), — cg\),_s_l 2 c¢. Define the events

A= {17 XY g > (8 + elf)/2 forall i€ 1}

Ag s = { |1 XYy < (bR + i) /2 for all i € I5}

Ag:= { HTh_lX[i]Y’ - ﬁ[i]o/HMAX > (cg\), — cg%+l)/2 for some i € [N]} . (C.26)

It is easy to observe that {fl = 11} D A1 N Ay. In addition, from the definition of I;, we have

|’B[i]a/HMAX > cg\), for all i € I; and Hﬁ[i]a’HMAX < cl(j\)fﬂ for all ¢ € I{. Therefore, if A{ occurs, we

have

HT}:leY’ - Bma/HMAX z (Cgﬁ\)f - C§2+1)/2
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for some i € Iy, which implies A{ C As. Similarly, we have A5 C A3. Using {fl =10} DANA
and A{ U AS C As, we have

P(I, =1,) > P(A;1 N A3) = 1 — P(AS U AS) > 1 — P(43). (C.27)

Using ¢~ (log N)'/2T-1/2 — 0 and c((;\), - cé?,H 2 ¢, we have P(A3) — 0 and consequently, P(fl =
L) —1.

(ii) Since I, = I, with probability approaching one, we impose I, = I below. Then, we have
)?(1) = Xip,) by (14) and Assumption 3 gives H)A(/(l) - 6(1)FH = HU[II]H <p ¢'/2NV2 4 T2,

(iii) From Lemma 13, we have o;(8(1)F)/0;(B(1)) = T;/Q + Op(1), which leads to

By FIl - T}i/2)\é1/)2’ = lo1(ByF) — Té/zal(ﬁu)) <p ¢"/2N'2, (C.28)

where we use /\%1/)2 = Hﬁ(l) H = ¢*/2N1/2 from Lemma 2 in the last step. In addition, the result in (ii)

implies that
VHXa) H — B Fll = Hff(l) - 5(1)FH Se g PNVR TR, (C.29)

Using (C.28), (C.29) and )\21/)2 = ¢'/2N1/2 we have

ﬁ{f e [Xw)| ’ !HXmH—Hﬁ(l)FH\+\Hﬁ(1)FH—T§/2AH)2!< RN e
N SV N 1/2.1/2 1/2.1/2 ~P :
&) WA T A T A

and thus X(l) =p qN.
I 1 " k. ;
(iv) Let ) € R7»x1 denote the first right singular vector of B F. From Lemma 13, we have

H]P T,;lF’IPb(I)FH <p T~/ (C.30)

£y
and o;(ByF) /o (By) = T,i/z + Op(1). The latter further leads to

1By F) — o2(BuyF) = Ty *(01(B11)) — 02(By)) + Or(01(Bwy)) =p T ?01(By),  (C.31)

where we use the assumption that o2(81)) < (14 0)"'o1(B(1)) in the last equation.
Using H)?(l) - B(l)FH <p ¢'/2N'/2 4+ T2 as proved in (ii), (C.31), Lemma 2 and Wedin (1972)’s

sin-theta theorem for singular vectors, we have

1/2 a71/2 1/2
¢ N THT <p ¢ VENTY2 412, (C.32)

P <
~ (B F) — o2 (B F) ™

-P

Foy T
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-~

In light of (C.30) and (C.32), we have the first equation in (iv) holds for k = 1. As Pp, = Z(k &

(k) (k)

left and right multiplying this equation by 5(1) and 5(1), we have

11—T,7( /(1)F§A(1))2\ <p ¢ VANTV2 L2

which leads to |1 — _1/2
second equation in (1v).
So far, we have proved that (i)-(iv) hold for £ = 1. Now, assuming that (i)-(iv) hold for j < k—1,

we will show that (i)-(iv) continue to hold for j = k.

1)F£A(1)\ <p ¢ V2N-12 4 T2 Left-multiplying it by b(1) gives the

(i) Again, we show the difference between the sample covariances and their population coun-

terparts introduced in the SPCA procedure is tiny. At the kth step, the difference can be written

as
k—1 k—1
BT M, e — T, (BF +U) [ | M, (aF + Z)
. . J
=1 =1 MAX
k—1 k—1 k—1
< M, o —T'BF [ Ms Fo +T, | BF [ M, 7
<\P 1:[1 b I 1:[1 () p 1_[1 Fi)
= J= MAX J MAX
k—1 k—1
+T_ U I\\/JI F'o/ —}-T_ U M~ 27’ . C.33
H E H i) (C.33)
J= MAX J= MAX
Since (iv) holds for j < k — 1, we have
k—1 k—
> Pr lF’ZPb( ) Z ( ~ T, F'Py, )F> Spq VANTVZLTV2 (C34)
j=1 j=1

Using Lemma 1 and Lemma 2(i), we have
HM,, =1Ix — Zpb(), and HMF()_]IT,L Z]Pu(,).
=1 =1

Using the above equations, (C.34), and HTh_lFF’ - ]IKH <p T~1/2, we have

1/2 —1/2 a7—1/2 —1/2
FHM( ZIP’bUF <p ¢ VENTVZ L7712

7)

k—1
HM%’)F :Th_l/2 FZP
j=1

(C.35)
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Similarly, right multiplying F” to the term inside the ||-|| of (C.35), we have

k—1 k—1
T,'F[M; FF-][M -12N-1/2 L p-1/2 C.36
h 31;[1 B H by || <P 4 (C.36)

Next, we analyze the four terms in (C.33) one by one. For the first term, using (C.36) and Assumption

2, we have
k—1 k—1 k—1 k—1
B My, o — T, 8F [ Mz F'of SIBlax || T] M, — Ty 1FHMA, F'|l o
1 =1 () VAKX i =

§pq*1/2N*1/2 L7l2,

For the second term, using (C.35), Assumption 2, we have

k—1
T, ' |BF [[ Mz Z'
=1 (4 MAX
k-1 k-1
ST 1B laaxk || TT Mg || 1FZ[| + T 18llaax FHMFf HM%) 1Z]
7=1

Spq_1/2N_1/2 L2,

For the third term, using (C.35), we have

k—1
Tt UHMA, Flo/
1 3)
j= MAX
k—1

ST UF [y || TT Mo | ol + 237 1 i 73 FHM HM%) led
j=1 Jj=1

Spllog NT)/2 (q7HANY2 4 771/2).

For the forth term, using (C.34), we have

k—1 k—1
U IME 2| STUZ a0 NUF [y | 22 Bog || 19 2]
=1 MAX j=1
k—1
+ T2 U ax | T 1F'ZMU)F ZP 12|
j=1

<,(log NT)1/2 (q—1/2N—1/2 +T—l/z) ‘
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Hence, we have

k—1 k—1
—1 1/2 —1/2 a7—1/2 —1/2
7' X ] Mj, Y- [[Ms, o <p (log NT)V/ <q 2N-1/2 4T />. (C.37)
j=1 7j=1

MAX

As in the case of kK = 1, with the assumption that
¢~ (log NT)V/? <q—1/2N—1/2 + T—1/2) 0,

and Assumption 5, we can reuse the arguments for (C.26) and (C.27) in the case of kK = 1 and obtain

~

P(Ik = Ik) — 1.
(ii) We impose I, = I, below. Then, we have X(k) = X1, Hf;ll Mﬁ(,‘) and thus
J

k—1 k—1 k—1 k—1
Xy = By F = Xz [ [ Mz, = BayF =By | F[[Mp = [[ Mo, F | + Uy [[ Mg -
=1 (4) j=1 (4) =1 j=1 (4)
Hence, using Assumption 2 and (C.35), we have
_ k—1 k—1 k—1
X0 = B0 | < 180all [F T Mz, =[] Mo, ||+ [Ung ||| T M7 || Sp g /#N22 102
j=1 j=1 j=1

(iii) The proof of (iii) is analogous to the case k = 1.

(iv) The proof of (iv) is analogous to the case k = 1.

To sum up, by induction, we have shown that (i)-(iv) hold for k < K.

(v) Recall that K is determined by B 1<k
T}:lXM 1< Mﬁ(,j>Y’. Since (iv) holds for j < K as shown above, using the same proof for (C.37),

we have

Mb(j>a' whereas K is determined by

i I
Th’lXHMﬁ(V)Y’ — 8] My, @’ <p (log NT)'/2 <q_1/2N_1/2 +T—1/2). (C.38)
=t i=1

MAX

The assumption cgjl\(,ﬂ) < (1 +6)'c in Assumption 5 implies that ¢ — cgffﬂ) =< c. Together with

¢ (log NT)l/2 <q*1/2N*1/2 + T71/2> — 0,

we can reuse the arguments for (C.26) and (C.27) with events

K N
By =3 T, Xy ] Mﬁ(,j)y’ > (c+clN)/2 for at most g — 1 different is in [N] p ,
j=1 MAX
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_ K .
By : = T, IXM HMF, Y’ — H by > (¢ — C§N+1))/2 for some i € [N] 3, (C.39)
MAX

to obtain P(K = K) > P(B;) =1 — P(B¢) > 1—P(By) — 1.
(vi) This result comes directly from (C.37) and (C.38). O

Lemma 4. Under assumptions of Theorem 1, for k < K, we have
HU[/IHG(’“)H <p TV2 4+ T-1/2412N1/2,
i) [P0l <e 2Nz e, | 20p || <0 geNye e,
(iii) [y (ur)p)| Sp 1+ T2 2N12,

Proof. (i) Using Lemma 1, we have

WA /2 = X1 H Mg, Ak = X108 = B F€w) + Uirabin)- (C.40)

Therefore, along with Assumption 1, Assumption 3 and Assumption 4(ii), we obtain

1/271/2
T Ak Hg(k)U[Ik]

= H%F BirgUin)

* Hggk)U[lfk]UUk]

<p ¢"2N'2T 4 ¢N. (C.41)

T HU[/IJC]UUk]

’Bflk]UUk]

Together with /)\\(k) =p qNN, we have the desired result.
(ii) Similarly, by Assumption 1, Assumption 3 and Assumption 4(i)(ii), we have

TN H U F' H = H5k>F Birg Ui £ H + Hé"f)U“k]U”’“]F H

Bl Ui ¥’

O [ [0 F'l| S g'2N2T 4 gNTH2. - (C.42)

Together with X(k) =p ¢N, we have the desired result. In addition, replacing F' by Z and W, we
have the second and third equations in (ii).

(iii) By Assumption 1, Assumption 3 and Assumption 4(iii), we have

%5 1/2’€Ek‘)(uT)[]k]| < 1€y F' By (wr) 1] + 1€y Uy (ur )iz

< I Bt om0 g | Se a*2NV2TY2 4N,

Together with //\\(k) =p qNN, we have the desired result. O

Lemma 5. Under assumptions of Theorem 1, for k,l < f(’, we have
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I A _ _ _ U _ _ _
(i) (k)f) <pgq 12pN-1/2 L L (k) <pgq 1/2p-1/2 L p-1/2,
Th)‘(k) Th)‘(k)
PO S o B ZU!, S L N WU!, S o _
(ii) (k)2(k) <p ¢ IN“14+T1 () (k) <p g 'N-14T1, ()8 <p g IN-1 4TI
Traf Ak) Ak) A(k)

(111) |M‘< R\ S A |M|< ¢ IN“U 4T

v ThA k) VT

(iv) [y Dyur| Sp 1+ T2 2NY2, (gl Dgur| Sp 1.

Proof. (i) Recall that from the definition of Uy (below (16)), we have

(C.43)

Then, a direct multiplication of 6(,k) /AT hX(k) from the left side of (C.43) leads to

WUw Wl & S Xméo SV

\/ThX(k) - \/ThX(k) i=1 \/Th/)\\(k) \/Th/)\\(i).

~

Consequently, using HX[MH < H’B[lk]H |F| + “U[Ik]“ <p ¢/2N12T1/2 Atk) <p ¢IN and Lemma 4(i)

we have

PUpe k—1 [ <
g(k’)U(k) < §(k)U[ I;] X[[ ] g(z U() —1/2N 1/2 + T +Z &
ThAry T || = |y Tda | |/ BA =y
(C.44)

—1/25-1/2~ 7>
1t |7 23 %40 Ui f
inequality also holds for k. In addition, when k =1, Uy) = Ujy,) and this equation is implied from
Lemma 4(i). Therefore, we have (i) holds for k < K by induction.

Using (C.43) again, with Assumption 3, we have

<p ¢ Y2N=Y2 4 7= holds for i < k — 1, then (C.44) implies that this

—1
Un,) X[Ik] <p g VENTV2 L2y Ut

k—1
\/Th/\ NEYR 1 VTAw ,/ThA h ; Tid)

(C.45)

(k)

same induction argument with (C.45), we have this inequality holds for k < K.

When k = 1, Assumption 3 implies that HT,:1/2X_1/2I7(,€) H <p ¢ YV2N-124T-1/2 Then, using the
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(ii) Similarly, by simple multiplication of F’ from the right side of (C.43), we have

WUwF _ Gwlimt &y o X8 S U F!

e Db S e T

M

Consequently, we have

Qk)U(k)F' qk)U[Ik]F, n = X (z)U(z)
Th X(k) Th X(k) =1 Th/):(k) Th >‘(z)
U( )F
Spq —— (C.46)
71}&1)/2%6)[7(;@)F’H <p ¢ 'N~! +T7!is a result of Lemma 4(ii). Then, a direct

induction argument using (C.46) leads to this inequality for k& < K.

Replacing F' by Z in the above proof, and using Lemma 4(ii), we have the following result:

ZUk)g b IN T

(iii) Recall that )Af(k) = B(k)F + ﬁ(k) as defined in (14), we have
o KooVt Sl < 6o P o+ iy Do Ul < [y |70 | + [P Vo]

Along with (12), we have

5(, Ik g(/c %X( Ufk]C( ) g(z)ﬁ() FU[Ik]g(k?) U[Ik]g(k?) U(/l)?(l) (C.47)
,/ThA T/ A 2o |l T/ A \/Th)\ Vi

Using HX(}l)/Qézk)B(k)H <p 1 from Lemma 10, results of (i)(ii) and Lemma 4(i) completes the proof.

Replacing Ujr,; by U, above and using the inequality that

15t Xy Uliiw| < 180 By FU S| + 1800 Uy UlkySiwy | < HA’W H HFU(k k)H + qu)ﬁ(l)H Hﬁ(lk)g(k)H

and (12), we obtain the second equation in (iii).

(iv) Similar to (ii), by induction, we have

k—1
ISty Dy | < (S (wr) | + <ty Dayur| Sp 1+ T712¢2N12,

i=1 Th)\(i)
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For the second inequality, from Lemma 2, we have b’( )b( ) = 0 when i # j. Thus, by definition, we

<p ¢"/2N'/? from Assumption 4(iii),

have sy = Ay bwy = Ay *Biraibge - Using Hﬂu (ur) iz,
Ay < gN from Lemma 2 and the definition of D), we have

oo Daser] < sy aragl + 352" Wl oo iy Do
i<k
Z )‘ Hﬁ[m | s(iy Deiyur|

<2 ow Hﬂm uT )13

Sp 1+ IsyDeyurl-

i<k

As \g D(l)uT| < )\ Hb H Hﬁ[h ur II]H <p 1, we have |§(k Dgyur| Sp 1 by induction. O
Lemma 6. Under assumptions of Theorem 1, for k < K, we have

(i) ngc) - Th_l/QF/kaH Sp T+ VAN

(i) HT Ey — T ZF kaH <p T4 g N1,

Proof. (i) By the definitions of biy and E(k) by (31) and (12), )Z'(k) = E(k)F + ﬁ(k), we have

Ul Sk
Ey — Ty Py = —020 (C.48)
Then, Lemma 5(i) leads to (i) directly.
(ii) Similarly, Lemma 5(ii) yields (ii). O

Lemma 7. Under assumptions of Theorem 1, for k,j < K, we have
9 [V | 5o 22002 £ 2

(ii) || B T || S a/2NY2 4+ 112,

(iii) || (ur)iy Vg€ | S T2 + T2,

(iv) (uT)’Uk]U(k)E(j)H <p T-12gN 4+ T2,

Proof. (i) With Lemma 6 and Assumption 4, we have

Hﬁffk]U[Ik]fA(j)‘ <

U[Ik]F,bsz + Hﬁf}k] Urry)

HT}ZI/QF'bjz . 20)” <p q1/2N1/2 + T2,
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(ii) Assumptions 1, 2 and 3 imply that HX[Ik]H < HB[MH | F|| + HU[Ik]H <p ¢'/2NV/2T1/2 Together

with (i) and Lemma 5(iii), we have

X[I k)

V h%)

TS 1/2 a71/2 1/2

~
Lk

Hﬁfzk}ﬁ(k)g(j)H Hﬁlk] Ik]fa)“+2“5[ 1

(iii) With Lemma 6 and Assumption 4, we have

H(“T)fzk]UUk]fA(j)H <7, " “(UT)Ezk]U[Ik]F'bjz“ + ”(“T)fzk]U[Ik} HTEI/ZF'bjz - fA(j)H Sp TN + T2,

(iv) Similar to (ii), V2N1/271/2 ) and (iii), we have

~

o] < omtndin] 5 Nomh | 2] [ o -2+ 2
i= RA(
]

Lemma 8. Under assumptions of Theorem 1, for k < f{, we have
(i) ||y — syl Sp T7YV2 + ¢ 1/2N12,
(it) 2N qu)’@[lk] = S Bin|| Sp T2 4 ¢ 12N-1/2,

(ii1) |< (ur)(1,) —g( (ur) ] Sp T-1gY/2NV2 4 g Y/2N-1/2,

(i) “qk)ﬁ(k) - §ék)D(k)H <p T-V2 4 g~ 1/2N-1/2,
(U) q_1/2N 1/2HA’1€)D(k)5 D(k; BH <PT 1/2+q_1/2N 1/2

(vi) ISy Diyur — S(y Diwyur| Sp T~ U2 N2 4 g~ 1/2N-1/2,

Proof. We prove (i) - (vi) by induction. Consider the k = 1 case. The definitions of ;) in (12) and
S(k) in Section 3.1 lead to

Stky — Sy = T;:I/Q/\(_km( BFEw + Dy Ury) — (k "2 D 1y Bbiay (C.49)

when k = 1, as 5(1) = D(l) = (]IN)[Il}, (C.49) becomes

~ 1/27-1/2 —1/27-1/2 >
S — S = (T / )\( )/ B Ff(l) )/ B(l)b(l)) —I-Th / )\(1)/ U[h]é(l) (C.50)
As Lemma 3(iii) and (iv) imply that HT 123 (11/2F§(1) H <p ¢ IN"14 T V242N -1/2

and Hﬁ(l)H < ¢'/2N1/2 to prove (i) it is sufficient to show that Th 1/2 g YAN-1/2 HU[h] H <pT 124
¢ Y2N~1/2 which is given by Assumption 3.

29



(i) As |8y || S ¢/2NY2, (ii) is implied by (i).

(iii) Left-multiplying (C.50) by (ur); 1] 88 H [Il]ﬂ (1]
it is sufficient to show that 7} 1/2 g Y/2N-1/2 H(UT)[Il]U[h] (1)H ST Lgl2N12 4 =12 N=1/2 which
is implied by Lemma 7.

<p ¢'/2N'/2_ to prove (iii) when k = 1,

(iv)-(vi) are equivalent to (i)-(iii) when k =1 as 5(1) = Dy = (In)1,-

Then, we assume that (i) - (vi) hold for ¢ < k and prove (i) - (vi) also hold for k.

(i) Similar to the k = 1 case, using (C.49) and Lemma 3(iii)(iv), it is sufficient to show that
Th—1/2q—1/2N—1/2 Hﬁ(k)H <p T2 4g V2N-1/2 and ¢~ /2N-1/2 ‘ (5(1@) _ D(k))ﬁH <p g V2N-1/24
T—1/2. The first inequality is the same as the k = 1 case, which is implied by Lemma 5. As to the

second inequality, write

~ Bli1b6) X 1€<z
(Do = D)8 =3 | =<0 P = —===% Dy
i<k () Th)\(i)

As (v) holds for i < k, it is sufficient to show that
Bt _ Xpngée

VAo e

Plugging X{;,; = B, F + Ujy,) into (C.51) and using Lemma 3(iii)(iv) again, we only need to show
that

T~V 4 VN2, (C.51)

which holds by Assumption 3 and HE ; H =
(ii) It is implied by (i) as HB[Ik]H < ql/2Nl/2
(iii) By (C.49), we have

(wr)ir 8 — (Wr)ig sy =r) i (T, I/QA(k/zb’(k BFE(y — Ay * Dty Biaobiry)
1/2

-1/2
+T / )‘(k)/ (UT)[I] k)f(k
As in the £k = 1 case, for the second term, we have Th_l/Q(fl/QN*l/2 (uT)U ]U H <p
T—1¢Y2N1/2 4 ¢=1/2N-1/2 as is given by Lemma 7(iv). For the first term, similar to the proof
of (i), using Lemma 3(iii)(iv), it is sufficient to show that ¢~ 1/2N—1/2 H(uT)’[Ik](IND(k) - D(k))BH <p
T=1¢!/2NY2 4 ¢712N-12 Write

(ur){r) (Diky = D)) B =

; YOl = wPwh
i< v

((UT)ffk}ﬁuk]bm ! Dinf (ur) (1 B F + UD€y ., ~ )
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As (v) holds for ¢ < k, we only need to show that

()i Binbey  (ur) B £+ U
AG) Tihi

<p T™LqV2NV2 4 g~ V2N—12, (C.52)

Using Lemma 3(iii)(iv) again, it is sufficient to show

T, g AN H (ur)i s Ui || Sp T~ PNY2 4 72N,

which holds by Lemma 7(iii).

(iv) By simple algebra, we have

o B D (VI SwPiaba) , o S Xnaba 5
Dy = sy Py = Gy = o) Wiz + 3 P00 |-
i<k i hAzi)

Using the fact that (i) holds for k, (iii) holds for ¢ < k and (C.51), the proof is completed.

(v) Similarly, we have

_ Sl Birabg
(k)P ]V (2)
Sy DB — Sy Dy B = (S Bin) — Sty Bind) + Y ()\/mgéi)D(i)B

i<k

oo Xy -

ORIANG!

- %D(i)ﬁ
TiAay

Using the fact that (i) holds for &, (v) holds for ¢ < k and (C.51), the proof is completed.
(vi) Replace ¢~ '/2N~'/28 by uy in the proof of (v), we obtain (vi).

Lemma 9. Under assumptions of Theorem 1, for k < K+ 1, we have

(i) | Zuy P <o T2+ Tq N

(i) | ZooUty | e Ne2T12 4 T 12N,

Proof. (i) From the definition (18) of Z(k), we have

k-1 AN PN
~ —~ S/ UZ F
ZayF' = 2F = 3 v,
i=1 Th)\(z‘)
Then along with Lemma 5(ii), we have
WU F

|20 < 22+ 3 v P
=1

VT
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(ii) With (18) again, we have

~ o Un U]
(o]
ZayUlyy = ZU} — ZY{ 70 :

which, along with Lemma 5(i) and the assumptions on ¢, lead to

Y0

< HZU[/IO]

HZ“? i U1z

k-1 R
+ Hyg@
=1 hAG)
<p NPTV 4 (VAN £ 1) (NPT 4 T)

<p N§/2T1/2—|—Tq_1/2N_1/2.

Lemma 10. Under assumptions of Theorem 1, By, By defined by (31) satisfy
(1) [1Bill <p 1, [|B2]| <p 1.
(i) ||BiBs — 1| Sp T+ ¢ IN L.
(iii) ||Br — Ba|| Sp T™Y2 + ¢ 'N~, ||By — B|| Sp T~V/2 + ¢ 1/2N—1/2,
(iv) ||B2B5 — Ikl <p T2 4 g IN~t when K=K.
(v) |B1By =kl Sp T71 + ¢ 'N7L, when K =K.

Proof. (i) Using the definition (31) of By and Assumption 1, we have

Se L,

Fé)
T

1bka]] = |

which leads to ||B1]] <p 1.
Using the definition (31) of Bg, we have

ol = | 2020 | < e |
Atk)

Note that

SaBa)

s 3

-1
HB(k)H Hﬂ[fk]HJFZ m‘
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and )‘E(l)H = Hﬁ[h] H < ¢Y/2N'/2 we have HB(;,C)H < ¢'/2N"2 by induction. Together with (C.53), we
have ||bgz2|| <p 1 and thus ||Bs| <p 1.
(ii) By (12) and Lemma 1, we have

=GP B | &l _,, Sl

S
Wi = NG NG " \ / ThA

By Lemma 5(iii), we have
|bj1br2 — S| Sp g 'NTH T,

and thus |B{By — Iz|| Sp ¢ "N+ 771
(iii) Using (12) and )?(k) = B(k)F + ﬁ(k), we have

F/ﬁ FU( )g(k)

\/Th)\ \/Th)\

By the definitions of bg; and by, it becomes

FF FU! Sy
br1 = b + — z\ .

I (C.55)

With ||Bz|| <p 1, Assumption 1 and Lemma 5(ii), (C.55) leads to
br1 — bry Sp T2+ ' N

This completes the proof. The second inequality of (iii) comes from Lemma 3(iv) directly.
(iv) When K = K, ByBy is a K x K matrix. By (i), (ii) and (iii), we have

|ByBs — Ic|| < || B{B2 — I|| + | B1 — Ba|| | Bal| Sp T2+ g N1
Since By is a K x K matrix, we have
! — B —1/2 , —1p7-1
| B2B5 — k|| = lglgﬁklki(BzBé) — 1= max [Ai(B;Bp) — 1] = |ByB2 — Ik || Sp T2+ g7 'N L
(v) With respect to By B}, we have

k(B2) || B2By — Ik|| < ||(B2B} — Ik)Bs|| = || B2(B1 B2 — Ix)|| < 01(B2) ||B1B2 — Ik||.  (C.56)
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Since (iv) implies that o1(Bs)/ok (B2) <p 1 when K = K, (i) and (C.56) yield

B
|B1By — 1| = || B2B; — Ik < ;’1((322)) |B{Bs —Ig|| Sp T7' + ¢ 'N7L (C.57)

Lemma 11. Under Assumptions 1-5, we have

(i) |10 %&) — YiaF| . Spa VANV (0g T)V2 4 T2 4 g LN,

(ii) |y By — Bbwa | Se T2 (1og N)V2.

(iii) || - UHMAX <p ¢ VEN"V2(log T)V/? + T=1/2(log NT)'/? 4+ ¢~ N-1T1/2.

(iv) max;<n Th_1/2 Hﬁ[z] — U[i] <p T_1/2(10gN)1/2 + q_l/QN_1/2.

Proof. (i) Recall that by (C.48), (12) and (14), we have Tiﬁg(k) — b F = X&:)ﬂ?('k)ﬁ(k), and
Sy =17~ 1/2 )\ X(k §A =T 1/2)\( X[Ik]g . Therefore, we have

|72 = thaF | S a7 N (G BT+ [Vl T0 ) - (©59)

MAX

When k£ = 1, U() = Uy, with H/Bl] H <p q1/2]\71/2(10gT)1/2 from Assumption 4 and
HU[Il H <p ¢Y/2NY/2 £ TY2 from Assumption 3, we have

HT}}/QE(U - b’12FH + g INTITL2 HU{II]UW

11
SeaN HBfIl]U[h] MAX

<p q—1/2N—1/2(10gT)1/2+T—1/2+q—1N—1T1/2_

MAX

Now suppose that this property holds for i < k, then for the first term in (C.58), we have
| [

) Ut
The assumption that (i) holds for i < k implies that

.

k)HMAX Ui MAXJF;Hﬁ[mH HT{UQX&)UQXUH% A

@Ua)

1/2H 122 H < 1/2 1/2 arl/27—1/2 —1/2 n7—1/2
vax T, &) — bpo F MAXNp(logT) +q/“N/4T +q /TN

With ||z || < ¢"/2NV2 and || X || < ||Bugl| 1F I+ |Uprg || Sp ¢*/2N/2TY/2 and Assumption 4(i),

we have the first term in (C.58) satisfies

“An=1p=1/2 | a7 —1pa7—1—1/2
¢ NTT )Fﬁ[fk]U(k)HMAX SaNTT nt” H HB[I'@] k)HMAX
1ar—1 —1/2 a7—1/2 7
Spq N Hﬁffk]U[Ik] MAX+Zq /N / ?l)U(z) MAX
i<k
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<p g VENTV2(log T2 4 T2 4 g INTITV2,
For the second term in (C.58), we have

= Hg(k)Uffk]ﬁ(HH < (G Hﬁ(’“)H
S qANYVAT 2 (log 1)1 4T,

Hg(k) U[/Ik] ﬁ(k) HMAX

where we use Assumption 3 and Lemma 5(i) in the last step. Consequently, (i) also holds for k and
this concludes the proof by induction.

(ii) By simple algebra, we have

X%z By = T, X&) = Bbwa + T, PUEw,

which leads to
H)‘lﬂ ﬂbk’lH MAX ST HUF,bmHMAX +77 HU(T}}/%?(’“) B F/bkz)HMAX

ST UF lyax + T2 10 lax HT;/QE(,C) - F’bsz <p T~ (log N)'/2,

where we use Assumptions 3, 4, and Lemma 6.

(iii) By triangle inequality, we have

U= 22 APl -

MAX

IN

> biable T | P+ D || Foy — BatioF |

k<K k<K

MAX

By Assumptions 1, 2 and Lemma 10, the first term satisfies

Zbklbﬁﬂ_HK E <HﬁHMAXHFHMAXHBIB2_HKH Sp ( logT)l/Q(T +q N7,

k<K MAX

For the second term, note that by triangle inequality we have

-12h

[P Fos = Bmurthar ], < [N5B B o T

|3 -

HbwaHMAX + 1180k [ vrax || Ok F — A

bt -3

MAX ‘ MAX

which, together with (i)(ii), conclude the proof.
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(iv) Because we have

i

T, ' Hﬁm — Upi

=1, '/? Hgmﬁ = B

it then follows from triangle inequality that
Hgmﬁ - /BMFH < ||Bry (B1B3 — L) F| + || By B | H/A\A/Qﬁ - BéFH + HﬂmBl - Emf\l/QH H/A\*l/QﬁH :

We analyze the three terms on the right-hand side one by one. With 71/2 HIA\_I/Qﬁ — BéFH <p

T' + ¢ 2N~12 from Lemma 6, ||8]/yax < 1, Lemma 10 and (ii), we have
~1/2 —1/2 1A .
max T, P11y (BiBy i) F|| S Ty, Y2 11Bllwiax | B1Bs = el [ 1Pl Sp g7 N~H 4772,
mas T, 73yl [ A28 — B S T, ol [AV2F - B 5o g s 1

max T, /2 | 8 By — BV |A2F| S 1,2 g3y - BRV2| P S0 T2 (0g V)12

Consequently, we have the desired bound. O
Lemma 12. Under Assumptions 1-4, for any I C [N], we have the following results:

(i) || ' FMy F' —Ig| Sp T7Y2, || ZMy|| Sp TY2.

(ii) | FMw|yax Sp (log )2, | ZMyyllyax Sp (logT)'>.

(ii) H B Uiy My

<p |I|1/2T1/2, ‘

fﬂ UU] MW’

< 1/2 1/2
iax P |[1]*/*(logT)"/=.

(i) |8y Ui P <p [I/2TV2T12,

,SP |I|1/2T1/2T1/2, HB{[}U[I]MW/Z/

(v) UMy |[y\ax Sp (log NT)M2.
(vi) ”UMW’F/HMAX Sp (logN)l/QTl/Q, HUMW’Z/HMAX Sp (10gN)1/2T1/2.

(’Uii) HU[I]MW’

Se [IV2+TV2 || UMy FY || Sp |1)M2TY2, || UM Z' || S [T1V2TY2,
(viii)  ||FMy 2| <p T'/?, ||[FMy.Z' — FZ'|| <p 1.
(i) ()M F|| e 111+ 12TV, )M 2| Sp 12+ 12T,
Proof. (i) With ||[(WW')~!|| <p T~ from Assumption 1, |[WF'|| <p T2 we have
|7, FMy P = Lk|| < ||T;, ' FF' = Ik || + ||, ' EW (WW) W ||
< [T F ]+ T | EW R W) e T
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(ii) Using the bound on ||F||y;4x and the fact that |[W]|| < T2 by Assumption 1, we have
1M llyax < I Fllax + [[FW/ VW)W < [Fllyax + [[FW] [ 7)1 IW] Se (log T2

Replacing F' by Z in the above proof, we obtain the second inequality.
(iii) Using Assumption 4(ii) and |[|[My~| < 1, the first equation holds directly. In addition, we

have

|atvimaw: | < Bnvim||, .+ [ B || lovw) W se 11120 7)2

MAX

where we use Assumption 1 and Assumption 4(ii) in the last equality.
(iv) With H(WW’)_lH <p T~ from Assumption 1, |[WEF'|| <p T2, and by Assumption 4, we

have

Bt ] < [t | + [tV 1]

<[ stgvn | + sty Lo = w) e 1o

Replacing F by Z in the above proof, we have the second inequality in (iv).

(v) Similar to (ii), using Assumption 3 and 4, we have
UM niax S 1Ulaax + [T yax VW)W Sp (log N)'/2 + (log T) /2.
(vi) Similar to (iv), by Assumptions 1 and 3, we have

UMy ' |UF’ + |UW || ypux [(WWHTTWF|| <p (log N)Y2TY/2,

HMAX 5 HMAX

Replacing F' by Z in the above inequality, we also have
UMy Z' ||y axc Sp (log N)V2TY2,

(vii) With Assumption 3 and ||[My| < 1, the first inequality holds directly. By Assumptions 1

and 4, we have
O F || < ([Om ||+ [0 W[ VW) W E| e (11272,

Replacing F' by Z in the above proof, we also have the third inequality.
(viii) Using Assumption 1 and |[My| < 1, we have || ZMy | <p T"/2. Using Assumption 1, we

have

| Fray 2 — 2| = B 2| < | EW V) W2 o 1
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Consequently, |FMy.Z'|| < [|[FMyZ' — FZ'| + |FZ'|| <p T"/? as we have |[FZ'|| <p T"/? from
Assumption 1.

(ix) By Assumptions 1 and 4, we have
|@rUmpw | < ||r)gUin || + | @ntgumw | lov w2 W E'| <p 171+ 22772,
Replacing F' by Z, we have the second inequality. O
Lemma 13. For any N x K matriz 3, if HT,:lFF’ — ]IKH <p T2, we have
(i) 0;(BF)/o;(8) = T,/ + Op(1) for j < K.

(i1) If o1(B) — 02(B) < o1(B), then HPS — T,;lF’IP)bFH <p T~Y2, where b and € are the first right

singular vectors of B and BF, respectively.

Proof. (i) For j < K, 0;(BF)* = \;(BFF'8") = \;j(BFF"), which implies
X (B'B)N(FF') < aj(BF)? < X\j(B'B)M(FF').

With the assumption || T}, 'FF — Ix|| <p T-1/2, we have T,;l/Qaj(,BF)/Uj(,B) =1+ Op (T71/2) by
Weyl’s inequality.

(ii) Let ¢ and ¢ be the first left singular vectors of 5 and SF, respectively. Equivalently, ¢ and ¢
are the eigenvectors of 33" and Th_lﬁFF’ﬁ’. Since HBB’ - Th_lﬂFF’ﬁ'H <1811 HTh_lFF' - ]IKH <p
o1(8)2T~1/2 and 01(B) — 02(B) =< 01(B), by sin-theta theorem we have

Hﬁﬁ/ _ T};IBFF,B/H <p T-1/2
o1(B) — o2(B)? — O(||BF' = T, ' BFF'A'||) ~

led" =<l 5

Using the relationship between left and right singular vectors, we have

b — glﬁ 7 o GlﬁF
() ¢ T BF]
Therefore,
P ol(ﬂ)zF,P FH _ Hég B F’[J”cg’ﬁFH _ HF’,B’&%F B F’,B’gg’ﬁF‘ <o T2 .59
H TR |BF|? 1BF|? BRI ||~ (G.59)

By Weyl's inequality, we have T} IBF|* = M(T1BFF'B) = M(B8) + Op(o1(B)2T~1/?) =
o1(8)? + Op(o1(B)*T~Y?). Plugging this result into (C.59), we have ’Pé—Th_lF’]P’bFH <p
T-1/2. ]
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